PORTRYAGIN-THOM CONSTRUCTION

DHEERAN E. WIGGINS

CONTENTS

1. Smooth Manifolds

11. Regular Values

1.2. Framed Submanifold

2. Homotopy Groups

2.1. Simple Results

2.2. Stabilization

3. Cobordisms

3.1. Framed Cobordism

3.2. Stable Version

4. Low Dimensional Examples

OO UT R WWDN -

We consider two, seemingly unrelated problems. On one hand, there is the classification of
smooth manifolds, and on the other, there is homotopy theory and computing the homotopy groups
of spheres. We hope to find a correspondence of sorts, so as to transfer tools between the seemingly
disjoint topics. The correspondence comes in the form of Pontryagin-Thom construction.

Pontryagin-Thom
classification of «—
smooth manifolds
up to cobordism

homotopy classes
of maps $F — $”

1. SmMmootH MANIFOLDS

Smooth manifolds, in some sense, are where we can do analysis. Recall thatif m > 0, then M < R”
is a smooth m-manifold if for all points p € M, there is a neighborhood U, € M such that
i) peUp.
(ii) Upisopenin M.
(iii) there is a diffeomorphism ¢, : U, = R™ called a chart.
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Example 1.1. We have

(a) O-dimensional manifolds: .

(b) 1-dimensional manifolds: R, $!.

(c) 2-dimensional manifolds: R?, $2, T2, and generally, any X,.
(d) m-dimensional manifolds: $” < R™+1,

Definition 1.2 (Smooth). Let M be an m-manifold and N be a k-manifold. Then,amap f : M — N
is smooth at a point p € M if Y, f(p;l is smooth at ¢, (p), where ¢, M = R™ is a chartat p € M and

Vp : N = RFisachartat f(p).
Let T, M be the tangent space of M at p.!
Exercise 1.3. Check that 7, M is a R-linear space of dimension dim(M ).
Definition 1.4 (Differential). The differential at p € M is the map
df)p: TpM — Tr(nN
given by (v, f¢, ).

Recall that a smooth map f : M — N is a diffeomorphism if it has a smooth inverse.

1.1. Regular Values. It turns out that if we have a smooth map M — N, then picking a so-called
regular value ¢ of f gives us a new manifold f~!(g).

Definition 1.5 (Regular Value). Let /' : M — N be a smooth map. Let g € N. We say ¢ is a regular
value of f, writing ¢ € Reg(f), if for all p € f~1(g), the differential map

@f)
T,M ——— T,N

is a surjection.

Example 1.6.

(a) Given two manifolds, M x N is a manifold. Further, the projection w : M x N — M is smooth
and Reg(w) = M, as we would hope.

(b) Map X; to the line via A, forming a 1-dimensional annulus A with boundary d(4) =
{£1,£1/2}. Then, Reg(h) = d(A).

Let f : M — N be smooth.
Theorem 1.7 (Sard’s, Weak). Then, Reg( f) is dense in N. Thus, if N is nonempty, then so is Reg( f).
Theorem 1.8. If g is a reqular value of f, then f~'(q) € M is a manifold of dimension dim(M ) — dim(N).
Corollary 1.9. Let f : M — N be smooth with dim(M) < dim(N). Then, f is not a surjection.2

IFor example, we could take it to be the image of the differential of the chart dg, at p € M.
2That is, there are no space-filling smooth curves.
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1.2. Framed Submanifold. Suppose p is aregular value of ' : M — N. Then, there is a submanifold
f~Y(p) € m. In particular, it is actually a submanifold which admits a framing.

Definition 1.10 (Orthogonal Complement). Let K € M < R” be a submanifold. Given a point
p € K, we set

(T,K)* ={veT,M:v 1 T,K}
using the inherited inner product in R”.

Definition 1.11 (Framing). A framing on K € M, as above, is a function  from K to the normal
bundle which assigns to each point p € K a basis of (7, K)*. Further, 8 depends continuously on the
choice of point p.

Definition 1.12 (Framed Submanifold). A framed submanifold of M is a pair (K, 8), where K € M
and B is a framing.

Exercise 1.13. Heuristically, explain why $! x I can be framed, whereas the Mobius strip M cannot.
Theorem 1.14. Let f : M — N be smooth.

(i) Ifq € Reg(f), then f~1(q) can be framed.
(ii) A submanifold K C N can be framed if and only if there is an open neighborhood U € N of K and

U ~ K X [Rdim(N)—dim(K).
We call U, as above, a tubular neighborhood.
Exercise 1.15. Show that $! v $! is not a smooth manifold.
Exercise 1.16. Show $2 is a manifold by constructing charts.

Exercise 1.17. Show that any polynomial f € C[z] is a smooth map $? — $2, where we identify $2
with C U {oo} and define f(oc0) = oc.

Exercise 1.18. Let f : M — N be a smooth map. Let M be a compact manifold. Show that if f is not
constant, then f has no less than two critical values.

Exercise 1.19. A knot is an embedded submanifold $! < R3. Show that any knot can be framed.
What does a tubular neighborhood of a knot look like.

2. Homorory Grours

Recall that if (X, xo), (¥, yo) € Top,, then a pointed homotopy / between a pair of pointed maps
f.g : (X,x0) = (Y, y0) is a homotopy h : f ~ g so that h(xg,t) = yo forallt € I. We will write
[X, Y]« for the set of pointed maps X — Y modulo pointed homotopies.

Definition 2.1 (nth Homotopy Group). Let (X, xo) € Top,. Let $” be pointed at so = e; € R"*1.
Then, the nth homotopy group of (X, xo) is

nX = (X, x0) = [$", X]x.
Of course, 71 X is just the usual fundamental group of X.
Remark 2.2. We must define the group operation on 7, X. Think of each map f : $” — X as a map
f:I"—>X
such that 9[0, 1]" +— x¢. If we have maps f, g : I" = X, then define f * g to be the concatenation
map, which makes 7, X into a group.’

3The proof is similar to the proof for 1 X .
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2.1. Simple Results.
Exercise 2.3. The group 7, X is abelian for n > 2.
Example 2.4. Using the usual proof via covering spaces, 713! ~ Z.

Example 2.5. We have that 7,$" >~ Z using themap [f : $" — $"] — deg(f). Here, if f is a smooth
map and p € $” is a regular value, then f~!(p) is a finite set, and we say deg( /) is the cardinality
counted with orientation. Of course, f need not be smooth, but every map is homotopic to a smooth
one. Alternatively, if w is a volume form on $", then

deg(f) = [ 70,

Example 2.6. Leti < n. Then, of course, 7; 3" is trivial.

Proof. We know f : $' — $” is homotopic to a smooth map g. Then, g is not surjective, per the
corollary of Sard’s theorem. We can then factor

st —% g

|

S”\*L)[R"

Sicne R" ~ *, we have that g >~ f =~ cx,. O
Example 2.7. What about 7;$" for i > n? Let us focus on 7;$!.

Proof. Use the universal covering map exp : R — $!. Then, we have

R

\[]exp

g gl

Applying m; (—) : Top,, — Grp, we get

0
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Certainly, fi(7;$') = 0,50 by monodromy, there is a (commuting) lift meaning f is nullhomotopic.*

R

7
a7
vz ex
, P
7
7
7

§ —— §!
!

O

For n > 1, things become rather difficult to calculate, and in general, is an open problem. The
earliest example is 7352, due to Hopf. The proof is given by using the Hopf fibration 7 : $> — $2.
We can realize the Hopf fibration in the following way.

C* fibre CZ \ {0} quotient CPl

]

St $3 $2

Proposition 2.8 (Hopf). We have 7352 =~ Z, generated by n.

2.2. Stabilization. Let X be a space. The suspension SX of X is the quotient of the cylinder X x [/
which identifies S x 0 with a pointand S x 1 with another. For example, S(3") ~ $"*1. Given a map
f Sk — 37 then we get a new map Sf : SFF+1 — gl

Theorem 2.9 (Freudenthal Suspension). The function
St ThnSF > T S

is a group homomorphism that is
(i) surjectiveifk =n — 1.
(if) bijective if k <n — 2.

As a consequence, the sequence

s s s s
7.8 — Tpt1 X —> T2 X —> nk+3S3 —_ .
stabilizes at $¥ 2. Further, the stable value is called the kth stable homotopy group of spheres. We will
denote this by 73'S°.
Exercise 2.10. Show that the degree is multiplicative.

Exercise 2.11. We saw that any degree n polynomial p € C[z] defines a self-map of $2. Show that
this map has degree n.

Exercise 2.12. Show that the exponential map exp : R — $!, or any covering space, for that matter,
gives an isomorphism on homotopy groups m, whenever n > 2.

4Again, we use that R >~ *.
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Exercise 2.13. Show that any continuous function between smooth manifolds is homotopic to a smooth
one.

3. CoBORDISMS

Let M be a manifold. An orientation on M is a function # which continuously assigns to each point
p € M an orientation on T, M, as a vector space. Then, we call (M, 8) an orientable manifold.

Definition 3.1 (Manifold with Boundary). An m-manifold with boundary M C R” locally looks like
R™ or H™, the upper half-space.

We define dM, for a manifold with boundary, to be the points p € M that look like H"™.

Remark 3.2. Theboundary 0M of a manifold with boundary is a submanifold of dimension dim(M)—1.
Further, it can be framed.

Example 3.3. Some examples include D" and M x I.
Write M" for a manifold M of dimension n.

Definition 3.4 (Cobordant). Let M" and N be compact with empty boundary. We say that M
is cobordant to N if there exists a manifold with boundary W”*! which is compact and so that
oW = M II N. We write ~, for the relation of being cobordant.

Example 3.5. We have that $! ~, $! LI $! via the pair of pants.
Definition 3.6. We define

Qi (R") = {k-dimensional submanifolds in R” } / ~cob -
Remark 3.7. The set Q;(R"?) is an abelian group. We have the operation [M] + [N] = [M LI N]. The
identity is [@]. Observe that [M]| = [@] if and only if M is dW for some compact W. Further, observe
that

2[M] = [M]+[M] = [M L M] =[]

in Q2 (R"), via the trivial cobordism. Thus, every element of 4 (R") is 2-torsion.

3.1. Framed Cobordism.

Definition 3.8 (Framed Cobordism). Let (Ky, Bo) and (K1, B1) be framed k-submanifolds of M. We
say Ky is framed cobordant to K if there is a W**! € M x I that is compact with framing 8 such
that

(i) oW = Ko I K;.
(ii) B restricts to Bg and B;.

Definition 3.9. We define
Qi(IR") = {k—submanifolds framed in R” } / ~fcob -
Remark 3.10. If we instead work with oriented cobordism, then we have a group Q3" (R") = QiO(IR").
Example 3.11. Certainly, Q¢(R"*) = {[@], [*]} ~ Z/2.
Exercise 3.12. Compute Qg (R").

Note that in Q7 (R"), we get that —[M] = [M], where M is M with the opposite orientation.
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Theorem 3.13 (Unstable). There is a group isomorphism

Qf (R"™F) — s 1, 48",

where we call PT the Pontryagin-Thom collapse map.

Proof. We will call the inverse ®. Think of $" as the compactification of R”. Let [ f] € 7, 4% 3" such
that f : $"7% — $” is smooth, and so that f(c0) = coand 0 € $" is a regular value. Consider the
framed submanifold f~1(0) < $"*k. Define®

o(f) =[/710)]
Now, let us show that ® is surjective. Pick out [M] € SZ;((IR”H‘ ). Since M has a framing, there is a
neighborhood U of M so that U = M x R". We can project and include to get

U—= 5 MxR" —2 5 R < gn

Now, we define PT([M]) as a map $" % — $" by

‘s gx), xeU
00, x ¢ U.

Check that ®(PT([M])) = [M]. Checking that the map is monic is left as an exercise. O

3.2. Stable Version. We have the commutative square

Q (R"H) —Z— 744"

I
¥

f k+1 PT 1
QR —— 7, $F

We saw that applying the suspension enough times yields an isomorphism, so we hope that the same
is true of E.

Definition 3.14 (kth Framed Cobordism Group). Let Q;{ be Qi(IRN ) for N > 0.

Theorem 3.15 (Stable). We have an isomorphism PT : Qf — 3'S0.

Exercise 3.16. Recall that a compact manifold M is cobordant to & if there exists a compact manifold
with boundary W such that W = M. Show that the compactness of W is essential here, since every
manifold M is the boundary of some W.

Exercise 3.17. Show thattheboundary dM C M of any manifold is a framed submanifold of dimension
dim(M) — 1.

5Show that the multitude of choices made here do not change the prescription.
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Exercise 3.18. Compute the following groups of cobordisms:
(i) Qo.
(i) Q.
(iil) ;.
(iv) Qf.
(V) Qz.
(vi) QF.

4. Low DiMeENsIONAL ExAMPLES

Our hope is to now study ;3" for small i > n using the Pontryagin-Thom construction. We will
start with 7, %", since we know what to expect. Well, 7, 3" is isomorphic to Qg(IR”). Each class is
represented by a fixed set of points x1,...,xx € R”, and finding a framing of the normal bundle of
R” amounts to taking linear isomorphisms ¢; : R” = R” for 1 <i < k. Two such tuples represent
some framed cobordism class. Since we are just taking signed sums, this means Q£ (R") ~ Z. Further,

PT : 7,S8" — Qf(R") is precisely the degree map.
Proposition 4.1 (Hopf). Recall the result that 73%* ~ Z.

Proof. The Hopf fibration $! — §° 1 g2 gives a piece of the long exact sequence so 73%% =~ Z, as

738! — 1383 —= 7,82 15!
0 Z Z 0
desired. O

By Freudenthal suspension, S” : 73$2 — 7,43%$" 2 is surjective.

Proposition 4.2. We have 7, 41%" ~ Z /2 forn > 3.

Proof. We will compute Qf (R"*1). Our strategy is to produce homomorphisms
z/2 I i R 25 z)2,

where the composite is an isomorphism.® Now, elements of Q! (R"!) are represented by framed links

(]_[ sl framing) .

There is a framed cobordism $! — &, equipping $! with the standard framing in R3?, by using the
disk D? C R® with a matching framing. We can obtain interesting elements by changing the framing.
Any other framing ¢ of $! in R"*1 gives

SIxR —— 5 NS — = §lx R”,

standard ]

where N$! is the normal bundle. Note that these isomorphisms can be distinct. For any x € $!, we

~,

get a linear isomorphism ¢, : R” = R”. In other words,

61f we know Qfl (R" 1) is cyclic, then this forces is to be Z /2
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Sl — 5 GL,(R)

\ Tup to homotopy

SO(n)

The upshot is that there is a bijection
{framings of $' C R"+1}/ ~ = [$!,S0(n)] = 71 SO(n).

Now, 71 SO(n) is Z for n = 2 and Z/2 for n > 3. For fixed $' € R**!, define w($') € Z/2. For
general framed links, add w of the components, so we get our desired w for n > 3. Also, note that we
have the map

Jn 1 11 SO(n) — QF (R
given by ($! =5 50(n)) > §' € R with the framing corresponding to a.” O
Exercise 4.3. Show the Hopf fibration 1 in 7,+1$" corresponds to the nontrivial framing in Q4 (R"*1).

Proposition 4.4. We have 71,1,5" ~ Z /2 for n > 2, generated by n>.®

To show this, a good discussion of framed surfaces inside R”*2 would be needed, which we simply
do not have the time for.

Remark 4.5. Recall the Hopf map
S(C?) =32 L. cp! = 52,
Similarly, there is a Hopf map for quaternionic projective space
S(H?) =57 2 $* = HP!,
which is not nullhomotopic. This defines an element v € 75'$°.
Proposition 4.6. We have 7S ~ Z /24, generated by v.

Sketch of Proof. The goal is, then, to describe the third framed cobordism group Q% = Q§(RY), where
N > 0. Well, let us look at $3 € R¥. Certainly, $° is a Lie group isomorphic to SU(2). Any Lie group
G has a trivial tangent bundle. Thatis, 7G ~ G x R*. In particular, T'S3 is trivial, so the normal
bundle N$? will be trivial (stably, for N > 0). Thus, $* with this framing defines an element of
QL(RY). The claim is then that this element generates the group and is of order 24, thus completing
the proof. O

Definition 4.7 (K3 Surface). A K3 surface is a 2-dimensional complex manifold with trivial canonical
bundle and trivial odd dimensional singular cohomology.

Example 4.8. For example, x* + y* + z* + w* = 0in CP*.

This is a special case of the J-homomorphism i SO(n) — 7,41 $".

8That is, $" T2 Iogntl 4 $", taking appropriate suspensions of the Hopf map.
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Lemma 4.9. Let X be a K3 surface. Then, the Euler characteristic y(X) is 24. Thus, there exists a vector field

V on X with 24 zeros. Further, TX has the structure of $3 = SU(2) C SO(4), so we have operators i, f, k
actingon TX.

Now, define ¥ C X by adding small disks D* around the zeros of C. The upshot is that ¥ has

boundary
oy =] ]S>
24

The vector field V' is nowhere vanishing on Y, so we get four linearly independent vector fields

V, ZV, f v, kVonY. Thus, TY ~ Y x R?, meaning Y is (stably) framed. What remains is to check that
the framing on the copies of $° is the standard Lie group framing.

Remark 4.10. Considering framed cobordism classes of stable normal manifolds, equipped with a
map to a space X, forms a group QY (X). In fact, this is a cohomology theory with coefficients in
the homotopy groups of spheres. For further reading, see the works of Quillen, Connor-Floyd, and
coctaLos by Hopkins.

Exercise 4.11. Show that every Lie group G has trivial tangent bundle. Conclude that any Lie group
can be given the structure of a stably framed manifold, and hence, under the Pontryagin-Thom
isomorphism, defines an element of the stable homotopy groups of spheres.

Exercise 4.12. The Hopf map 7 : $3 — $2 defines a generator for the group 73$% ~ Z. Under the
Pontryagin-Thom isomorphism, it corresponds to an element of Qf(R?), i.e., to a cobordism class of
framed 1-submanifolds of R®. Show that this submanifold can be taken to be the usual unknot $' in
R3. What is the correct framing? Try working out the Pontrytagin-Thom map for this submanifold
explicitly and see the relation to the Hopf map directly.
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