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The Categories LModr and RModg

Looking at history, math originated, in some sense, via the so-called natural
numbers N := {1,2,3,4,...}. Similarly, we can form the integers Z, the
rationals @, the reals R, and the complex numbers C. It is worthwhile,
then, to consider counting multiple copies of the same object. Thus, we have
the vague sense of mathematical counting.

Then, algebraic concepts originate from the visual pieces of mathematics
geometry and topology.' Starting from geometric objects, we may form
algebraic objects like groups or modules, which in turn, lead to (co)homology.
Homological algebra is a branch of algebra, studying how we can compute
(co)homology.

We can divide mathematics further, gleaning algebraic geometry: the study
of solutions to polynomial equations. Let p be a polynomial in R[x]. Then,
itleads to theset V := {x : p(x) = 0}. If R = C, then V C C. This set can
visualized in the complex plane, and thus, is “geometric.” More generally,
we could take a polynomial of several variables p € R[x1,...,Xy]. Then,
the corresponding zero-set

V=A(x1,....xn) : p(x1.,....x,) =0} £ C"

is realizable geometrically, too.

Another instance of geometry inspiring algebra is in geometric group theory.
Starting from a group, in the traditional sense, we can develop pictures
(like a Cayley graph), which are geometric,? to study the group.

Category theory goes one step further, generalizing our notions of algebra,
geometry, topology, and more. The language of categories and functoriality
can be immensely worthwhile while translating between different classes
of objects. Still, for understanding modules or groups, precisely, the general
language of categories can be less than useful.

1.1 Review of Basic Structures

A group is a pair (G, -), where G is a set and - is an operation satisfying
associativity, identity, and inverse. In turn, a ring is a triple (R, +, ), where
R is a set, + makes R an abelian group, and - is associative with unity.
Finally, a field is a triple (F, +, -) which is a ring such that - is commutative
and has inverses for nonzero elements of [.

Definition 1.1.1 (Vector Space) A vector space V" over a field [F consists of
two operations:

(i) +:V*>v

(i)  FxV -,
where + makes V" an abelian group and - is an action by the field of scalars, in
the traditional sense.®

1.1 Review of Basic Structures . 3

1.2 Categorical Constructions . . 6
1.3 Functors and Exactness . . .12
1.4 Tensor Products . ....... 15
1.5 Tensor-Hom Adjunction and
Naturality . . . ......... 18

1: If counting consists of numbers,
geometry and topology deal with objects
which are “visualizable.”

2: In some sense, geometry is perhaps
more fundamental, as our intuitions for
visualization can rederive any ideas in
algebra.

3: That is, v = v for all v € V.
Also, c(u + v) = cu + cv. Finally,
(c1+c2)v=civ+crvandci(crv) =
(c1c2)v.
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Definition 1.1.2 (Left R-Module) A (left) R-module M is a triple
(M, R, +,-), defined the same way as a vector space, except R is an arbitrary

4: If the ring action comes from the right ring.4
side, we call it a right R-module.

Certainly, every ring can be thought of as a module over itself.

Definition 1.1.3 (Finite Direct Sum) Let A, B be R-modules. The direct sum
A ® B of Aand B is the module

A®B:={(a,b):acAbecB=AxB,

5: In particular, r(a,b) = (ra,rb), where the operations are defined componentwise.

which we call a diagonal action.

Definition 1.1.4 (Module Homomorphism) A homomorphism f : A — A’
between R-modules is a group homomorphism with respect to + and f(ca) =
cf(a)forallc € R.

That is, f must satisfy the commutative square

Define the set of all R-module homomorphisms as the set

all R-module

Hompg (A, B) = homomorphisms A— B’

What structure could we put on this set? Well, we let f, g : A = B. Then,
define f + g: A — Bby (f + g)(a) := f(a) + g(a). Furthermore, we
cold define a scalar multiplication on Homg(A4,B) by r- f : A — B by
(r - f)(a) = rf(a). We certainly have that this set forms an abelian group
under the addition. However, the scalar multiplication admits

(rr' f)(a) = (r'r) f(a)

which violates our (left) R-module axioms, as long as R is not

6: That is, the collection of pairwise R-  commutative.® Note that we have the commutative diagram
module homomorphisms is an R-module
if R is commutative.
A
/ \fA
0
A@B ——————EI'— ————— > N
‘X %
B

The existence of 6 comes from defining 6 by 6(a,b) := f(a) + g(b).
Uniqueness comes via the standard method for such a proof, using
commutativity and the formula for 8, 6 is the only choice.
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This says that the module A & B together « and f satisfies the so-called
universal property. In this case, we may say that the coproduct of modules
A and B is the module A[| B := A & B with the inclusions «, .

Using the standard trick of duality, reverse the arrows of the coproduct
diagram to glean the product diagram:

We call A x B the product of the modules. This product exists in our
category LModg of R-modules’ Namely, the module has the underlying
set A x B. The function 8 is given by

0(n) ;= (f(n). g(m)).

Remark 1.1.1 In this finite case, the coproduct and product module
coincide.

It is worthwhile to note that the coproduct allows us to construct maps out
of our module A @& B, whereas the product allows us to construct maps
into our module 4 x B.

We now wish to construct infinite versions of the coproduct and product of
R-modules. Let {4; : i € I}be afamily of R-modules. Then, the coproduct
[1; Ai of the A; is given by the following universal property diagram:

9
[ i x
iel
which must commute foralli € I.
Does it exist? Thankfully, the answer is yes. The (general) direct sum of the

A;s satisfies this universal property.

Definition 1.1.5 (Direct Sum) We define the direct sum of the A; to be

' _ a(i) € A; and
P4 = a-I_’gAi'|{ieI:a(i)7é0}|<O° '

iel

Define addition pointwise, and likewise for scalar multiplication.

Check that €); A; satisfies the universal property of the coproduct | [; 4;.

The product of a family {A; : i € I} satisfies the universal property given
by the following commutative diagram:
which must commute for alli € 1.

7: We use the language, though we have
not formally defined a category yet.



6 1 The Categories LModg and RModg

2N
R

iel

As you may expect, the “categorical” product exists in LModg in the form
of the Cartesian product of the R-modules.

Definition 1.1.6 (Cartesian Product) The Cartesian product of the A; is the

module
l_[Ai z{a:1—>UA1 :a(i)eAi}
iel a=d ’

where operations are given in the pointwise way you would expect.

Again, the projections p; (a) arejust given by a(i). For checking the universal
property, we may define 6 by

0(n)(@) := fi(n).
1.2 Categorical Constructions

We now develop a convenient language for discussing structures.

Definition 1.2.1 (Category) A category C consists of the following data:

8: Oftentimes this collection is not a set. (i) a collection ob C of objects.8

We will not pay too much attention to the (ii) for any two objects X,Y € obC, a set Homc(X,Y) of morphisms,
foundations here, but NBG would be a . )

reasonable system to make of use proper writteng : X - Y or X — Y.

classes, here. (iii) for any objects X,Y, Z € ob C, a composition operation

o : Hom¢(Y, Z) x Homg (X, Y) — Home(X, Z)

which is associative.
(iv) for any object X € ob C, an identity 1y € Homc (X, X') which satisfies
lxp = ¢ = Ylx forall ¢ € Homg (Y, X) and v € Home (X, Y).

Example 1.2.1 Some standard examples of categories include

(i) Set of sets and functions.
(ii) Grp of groups and homomorphisms.
(iii) Ab of abelian groups and homomorphisms.
(iv) Ring of rings and homomorphisms.
(v) Setg of G-sets and action-preserving functions.
(vi) LModg of R-modules and homomorphisms.
(vii) Top of (topological) spaces and continuous maps.
(viii) hTop of spaces and homotopy classes of continuous maps.
(ix) A of totally ordered sets and order-preserving functions.
(x) sSet of simplicial sets (Set-valued presheaves on A) and natural
transformations.



1.2 Categorical Constructions | 7

Alternative notations for the direct sum is to write €; 4; as the set of sums
3 ies @i with compact support. We could also write a' + a2 4 --- + a*,

where we have some a’ € A;;,.

Definition 1.2.2 (Free R-Module) A free R-module M is an R-module
isomorphic to a direct sum of the form

M:@R.

iel
A basis for M over R, in the standard sense, is just a subset of M such that

any element of M can be expressed uniquely as an R-linear combination of
b; with coefficients in R.

Proposition 1.2.1 Every free R-module admits a standard basis.’

Corollary 1.2.2 Every vector space admits a basis.

Example 1.2.2 Consider Z/3 := Z/3Z as a Z-module. Then, the
singleton {1} € Z/3 can be used to express 2 = 5-1 =8-1 = 2,
so {1} is not a basis. Thus, Z/3 is not free.

Exercise 1.2.1 An R-module is free if and only if it has a basis.

Let I be any set and R a ring. Then, define

R[I]:=EPR.

iel

Every element in R[/] is a finite linear combination

albl +a2b2 +...+akbk = Zaibi-

iel

Theorem 1.2.3 Any R-module is isomorphic to a quotient of a free module.

Proof. Let M be an R-module. Let S € M be any subset that generates
M 1° We have a set inclusion S < M. We claim that this extends uniquely
to a surjective R-homomorphism R[S] — M:

P R ~ R[S]

seS
N
N
\\ g
s>byg S
y ETIRN
N
N
N
Se— M
f

Define the homomorphism g : R[S] — M explicitly by

9: We mean {b; }, where b; = 1p in the
ith copy of R.

10: This is generation in the traditional
sense of a substructure.

11: That is, define it by extending it R-
linearly.
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12: Here, we call F the free module and
B the basis.

Figure 1.1: The triple B <> F satisfies the
universal property if for any R-module
M and function f : B — M, thereisa
unique g making the diagram commute.

g(Z“S 'S) =Y as fGs).

s€s SES

The proof of uniqueness follows in the standard way. By the first
isomorphism theorem we get an isomorphism R[S]/ ker g = M. O

Note that we could have taken f to be any function, rather than the
inclusion. This gives us the universal property of free modules:'?

F
N
N

N
l \\\g

3

AN
N

B

— M
S

Metamathematically, we have made the transition

set theory —~~~rmnmmnsmnsannns categories
elements and sets objects and morphisms

Just to emphasize that not every category is a collection of enriched sets
and functions, consider the category [1] given by the picture

In any category formed of enriched sets, we can form the free object F
which comes with a set function ¢ : B >> F so that the following diagram
commutes for any function f € Homge (B, M).

F
AN
N
N
t \\\g
3N
AN
N
B

— M

f

Proposition 1.2.4 The free object in Grp of a set B is the free group F(B).

Proof. Use the standard construction of the free group as reduced words.
O



Proposition 1.2.5If 1 : B — F is not assumed to be injective, the universal
property implies it.

Definition 1.2.3 (Isomorphism) Let C be a category. A morphism f €
Homg(A, B) is an isomorphism if there exists g € Homg(B, A) so that

fe=lgand gf =148

Definition 1.2.4 (Initial) An initial object in a category C is an object I € obC
such that for any A € ob C, there exists a unique morphism f : I — A

Just looking at the definition, we have no guarantee that such an object
exists. In fact, they often will not.

Lemma 1.2.6 If an initial object exists, it is unique.

Proof. Suppose I and I’ are initial in C. Then, there exists a unique

1.2 Categorical Constructions | 9

13: Write A >~ B.

14: Thatis,
Homc (I, A) = {f}.

morphism f : I — I’. Similarly, there is a unique morphism g : I’ — 1.

Then, gf : I — I mustbe 1;. Likewise, fg = 1;.. Thus, I ~ I'. O

Definition 1.2.5 (Terminal) A terminal object in a category C is an object
T € obC such that for any A € obC, there exists a unique morphism
f:A>TD

Lemma 1.2.7 Terminal objects are up to isomorphism.

Proof. Proceed via duality. O

Fix A, B € ob C. Define a new category A(A4, B), where objects are diagrams
A — M < B and morphisms are commutative squares

Then, the existence of the coproduct A [ [ B exists in C if and only if A(A4, B)
admits an initial object.!®

This is the general format for any universal property.

Consider a sequence of inclusions in, say, Set or LModg:

2 9
AI;)AZ;)A:;;)...;)AYL;)...

15: Again, this means

Home(4,T) ={/f}.

16: We cuold do this for a family of objects.
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Figure 1.2: Universal property of the
inverse limit

We could take the coproduct of all A, and then quotient via the canonical
injection identification. This would give us an analogy for the union of a
finite chain of this sort. The construction of this limiting module is a special
case of the direct limit.

What should the inverse limit be? Well, suppose we have a chain

i W3
Al «— Ay «— Az < - < Ay <~ -+
In some sense, we should consider all possible “compatible” sequences,
with respect to the ¥/ morphisms.

Our goal will be to define the direct and inverse limit in the case of any
indexing set.

Definition 1.2.6 (Direct System) A direct system in C consists of a poset
(I, =<),afamily {A; : i € I} of C-objects, and morphisms ¢; € Homg(4;, 4;)
fori <jinl.

Definition 1.2.7 (Direct Limit) The direct limit of a direct system is defined
by the following universal property.

M;
¢
M;
imM; ——----- E(;—' —————— > X

The direct limit is the same thing as a colimit of a diagram/indexing functor
F : CI — D, where [ is our indexing set of the direct system.

Remark 1.2.1 Let / be a set with the discrete order relation: thatis, i <
foralli € I andi £ j for any distincti # j € /. Then, the colimit of
the direct system is precisely the coproduct.

Definition 1.2.8 (Inverse Limit) The inverse limit of a direct system is defined
by the given universal property, flipping all arrows in the definition of the
colimit.

Again, the inverse limit is the same thing as a limit of the diagram F :
CI — D, where [ is our indexing set.

Remark 1.2.2 Mirroring the dual case before, the discrete case yields
the universal property of the product.



M;
v/
M;
limM,- === 3 _’ _______ X
< [

Does this limit exist in LModg?

Theorem 1.2.8 The limit exists for any inverse system of R-modules

vi v3
My <— My <— Az < -+« M, < ---.

Proof. Pick a sequence (m;);ey. This is just a map
m: Il — U Aj,
Jel
which is an element of the Cartesian product. Define!”
L = {(mj)ier : wij(mj) =m; foralli < j} C nMi'
iel

Define o; : L — M; for each i € I by o;((my)rer) = m; 18 We wish
to check that for all i, j € I, forall x € L, (¥/ o a;)(x) = a;(x). Write
x = (my)rer:

(0] o a;)(mp) = ¥f (m;) = mi = o (my).

as x € L. Suppose f; : X — M; and f; are chosen so that foralli < j,
v/ o fj = f;.Define 6 : X — L by

0(x) := (fe(x)ker-
We wish to check o; 0 6 = f;:

(o; 0 0)(x) = i ((frx(X)rer) = fi(x),

for all x € X. Suppose 6’ : X — L is another morphism making satisfying
the same universal property. Thatis, ;00" = f;. Look at the pieces (x) € L,
which is of the form (my)xer, and f;(x) = m;. Similarly, 6'(x) = (m) )rer,
and f;(x) = m] = m;. Thus, § and 6’ agree in terms of assignment for all
i€l,s060 =0 Thus, I(Ln M; = L is the desired inverse limit. O

1.2 Categorical Constructions | 11

Figure 1.3: Universal property of the direct
limit

17: This is our candidate for

lim M;.
<«

18: This is essentially the projection
restricted to L, keeping compatability.
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19: In categorical language, the kernel
and cokernel can be defined up to
isomorphism via a universal property.
Though, the category needs a zero object
(both initial and terminal).

20: In the star notation, we have

(80 f)x =gx0 fa.

21: In the star notation, this becomes

(gof)*=f"og"

Theorem 1.2.9 The colimit exists for any direct system of R-modules

1 2
(%) ?3
A1 — Ay —> Az —> - —> Ay —> - .

Left as an Exercise. The construction follows by taking the coproduct of the
modules, then taking the quotient by where the modules agree. O

1.3 Functors and Exactness

Recall that the kernel of a homomorphism ¢ : A — B is the fiber over zero,
written ker ¢. We now define the dual notion."

Definition 1.3.1 (Cokernel) Given a homomorphism ¢ : A — B, the cokernel
is given by
coker ¢ := B/@(A).

Recall that Homg (A, B) = Hommegy (A, B) admits that structure of a
Z-module, or abelian group. We could view this process as “functoral:”

B — Hompg(A, B) or A+~ Hompg(A, B).
Definition 1.3.2 (Functor) A (covariant) functor is a rule F : C — D with
the following data:

(i) forall c € C, an object F(c) € D.

(ii) forall f :c — ¢’ € C,amorphism F(f) =: f« : F(c) = F(c¢’) € D.
(iii) if g and f are composable in C, then F(gf) = F(g)F(f).*
(iv) forall c € C, F(id.) = idf(c) € Homp(F(c), F(c)).

Definition 1.3.3 (Contravariant Functor) A contravariant functor G : C —
D has the same data as a covariant functor, except for any f : C — C', we have

G(f)=: f*:G() — G(c),
so composition admits G(gf) = G(f)G(g). %

We define a covariant functor:

Hom g (X,—)

LMod g LModz = Ab
A — Hompg (X, A)
f > fria> foa

B — Hompg (X, B)



That is, fi(«) is given by post-composition with f. Let f : A — B and
g : B — C.We want to show that (g o f)« = g« 0 fu:

(o flsl@: X > A)=(go flow
=go(foa)
=g o (fu(@)
= g+(f+())
= (gx© fu)(a).

Checking the other axioms is quick. Thus, Hompg (X, —) is a (covariant)
functor. As you might expect, we now define a contravariant functor:

Hompg(—,Y)

LModg LModz = Ab
A — Hompg(A,Y)

S — f*:Br>Bof
B — Hompg(B,Y)

That is, f*(B) is given by pre-composition with f.??> Again, check the
functoriality axioms.

Definition 1.3.4 (Exact Sequence) A sequence of modules A; € LModg with
morphisms between given by*

a1 02
o> A1 —> Ay ——> Az — .-

is called exact if for all i, ker 9; = im 0;_;.

Definition 1.3.5 (Short Exact Sequence) In LModRg, a short exact sequence
is one of the form
0—>A4A—B—>C—0.

Consider the covariant Hom functor F. Run a sequence of modules
through:

01 02
o> F(A)) —> F(Ay) —> F(A3) — -+~ .

Naturally, we may ask the following: if our sequence of modules is exact, is
the new sequence of abelian groups exact. The answer is 10.>* Instead, try
applying the functor to a short exact sequence

04582 C o,
yielding

0 — Homg(X, 4) > Homg(X, B) 25 Homg(X,C) — 0

1.3 Functors and Exactness 13

22: We call these new covariant and
contravariant functors Hom functors, or
the representable functors.

23: More generally, a bi-infinite sequence
where kernels are contained in images,
rather than equality, is called a chain
complex.

24: This is a very good thing, which yields
nontrivial homology.
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25: That is, given a short exact sequence,
the resulting sequence after applying the
functor, will be left exact.

26: Uniqueness comes from the fact that
I is injective.

27: It is a consequence of the first two
axioms that the finitary products and
coproducts agree.

Certainly, our setup ensures that i and p are injective and surjective,
respectively. Excluding the final term of the sequence — 0, the new
sequence will be exact. We call this sort of condition, excluding the right
hand zero, left exactness.

Lemma 1.3.1 The functor Homg (X, —) is left exact.?®

Proof. We want to check that i, is injective. Let f : X — A be a
homomorphism of R-modules be so thati.(f) =i o f = 0. Thatis, for all
x € X, (i o f)(x) = 0p.Since i is an injection, this forces f(x) = 0, so
f =0 e Hompg(X, A), meaning keri, = 0, as desired.

Now, we want ix(Hom(X, A)) C ker p«. Given i(4) C ker B, we can
equivalently write p oi = 0 € Homg(A4, C). Then, our original statement
is equivalent to

P« 0ix = 0: Hompa, (Hompg(X, A), Homg (X, C))
Well, p oi = 0 implies that px 0iyx = 0+ = 0.

is such that p«(g) = 0,so pog = 0.Forallx € X, (po g)(x) =0, so
p(g(x)) = 0, meaning g(x) € ker p C i(A). Yet,i : A >> B is an injection.
We claim there exists a lift

Finally, we want ker p, C ix(Hom(X, A)).Letg € ker px.Then, g : X — B

defined by /(x) := a, where a is the unique element in A such that g(x) =
i(a).?® Certainly, i (h(x)) = g(x).Thus, g = ioh = ix(h) € i»(Hom(X, A)),
the image. O

Remark 1.3.1 Every functor F : C — D, in particular, gives rise to a
function
Homg(c, ") — Homp(F(c), F(c")).

Some of the properties of the Hom functors are actually true of any so-called
additive functor.

Definition 1.3.6 (Additive Category) An additive category is a category C in
which each Home (¢, ¢’) has a structure of an abelian group. Also, composition
must be a bilinear operation on C, and C must admit all finitary biproducts.”

Example 1.3.1 It should be clear that LMod is an additive category, from
what we have done so far.

Definition 1.3.7 (Additive Functor) A functor F : C — D between additive



categories C and D if each function
Homg(c, ¢') — Homp(F(c), F(c))

is a group homomorphism.

Example 1.3.2 The reason we care about noncommutative R is as follows.
Let G := m1(X, x¢), the fundamental group of a space. Certainly, G could
be nonabelian. In this case, the group ring ZG with integral coefficients
is noncommutative.

Definition 1.3.8 (Contravariant Left Exact) A contravariant additive functor
G : C — D is left exact if the truncated exact sequence®®

(0O—>)A—>B—>C—>0€eC

yields an exact sequence®

0 - Hom(C,Y) - Hom(B,Y) - Hom(4,Y) € D.
Lemma 1.3.2 The functor Hompg(—, Y') is left exact.

Proof. Complete as an exercise. O

1.4 Tensor Products

We will define the notion of a tensor product of two modules, written
A ®pr B. Note that if A4 is a right R-module, we will write Ag. Based
on the notion of the tensor product, we can guess that A € RModg and
B € LModg.

Given right and left R-modules A and B, consider the following universal
property.

AxB 229 42 B
//
/
s /
E [
e f!
G <«

Before we continue, it is worth noting that if we have the triangle

% S B

A
v
3,7
| o
7

C

1.4 Tensor Products 15

28: The implied 0 — can be removed-it
is equivalent.

29: Note that if we realize a contravariant
functor as a functor C°? — D, then the
notions of left exactness agree.

Figure 1.4: Preview of tensor product
universal property
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then it is equivalent to saying kera C ker 8. We say B “factors through”
.

Remark 1.4.1 (Motivation) The goal and intuition behind our
construction of A ® g B to be an abelian group together with formal
elements a ® b. Furthermore, we want these to generate any other element

30: Also, while taking the direct sum of the abelian group. Plus, we need the following properties:*°
yields additive dimensions for vector

spaces, we want the tensor product to 1)

yield multiplicative dimensions. ar®®b =a Q rb.

(i)

(@+d)®b=a®b+a ®b.
(iii)

a®b+b)=a®b+axb.

In particular, if R € R’ as a subring, then
R® R R/ ~Ab R/.

The terminal goal of this, in turn, is to be able to change coefficients.

Definition 1.4.1 (Universal Property of Tensor Product) The tensor product
of A € RModg and B € LModg is an abelian group C = A @r B together
with an R-biadditive function

-)®(-):AxB—> AQrB

satisfying the universal property that for any R-biadditivemap f : AxB — G
to G € Ab, there exists a unique homomorphism f': A @ g B — G such tha
the corresponding diagram commutes.

Definition 1.4.2 (R-Biadditive) A function f : A x B — G between two
31: We avoid saying R-bilinear, as we take modules and a group G is called R-biadditive if:>

G € Ab, not LModg.
(i) f(ar,b) = f(a,rb).
(ii) fla+a',b)= f(a,b)+ f(a'.b).
(iii)) f(a,b+b") = f(a,b) + f(a,b).

Theorem 1.4.1 (Existence of Tensor Product) The tensor product A @ r B
exists in LModg.

Proof. First,let F := Z[A x B]. Then, define amap A x B — Z[A x B] by
(a,b) = 1-(a,b). Define the subgroup K < Z[A x B] generated by

(ar,b) — (a,rb),
K = <(a +d',b)—(a,b) — (a’,b),>.
(a,b+b")—(a,b)—(a,b)

Define the quotient map Z[A x B] — Z[A x B]/K. We now have a map
(—) ® (—) from A x B to Z[A x B]/K via the composition. Then, certainly
our construction forces ® to be biadditive. Now, our goal is to satisfy the
universal property. Consider the following diagram.
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We know ¢ exists by extending f linearly against the inclusioni : Ax B —
Z[A x B]. Then, K = kernw C kerg, as f is an R-biadditive map. Thus,
f’ exists, per our extension question from before. All that remains is
uniqueness, which follows by our generation of A ® g B viathea ® b. O

Corollary 1.4.2 From the construction,
{a@b:ac A,be B} C AQRrB

genemtes AQ®r B 2 32: As before, we can consider functoral
maps A A®gr Band B~ AQ®Rr B.

Lemma 1.4.3 Given homomorphisms f : A — A’ € RModg and g : B —
B’ € LModg, they induce a homomorphism of abelian groups

f®g:A®r B — A’ ®r B'.

Proof. See the diagram33 33: Define ¢(a,b) = f(a) ® g(b). We
get ¢’ via the universal property:
\ - on generators.
4 g o
A ®r B’
Cal f ® g:=¢'. O

We define a covariant functor

LMod g A3r() LModyz = Ab
B —> AQ®r B

g P—> idg ®g
B’ P— AQr B’

Likewise, define (—) ® g B : RModr — Ab in the intuitive way.
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34: Check that ¢’ and v’ are inverses.

Proposition 1.4.4 (Tensor Distribution) We have an isomorphism

(EB Ai) ®r B~ ) (4 ®& B).

nel iel

Proof. The generators of the left-hand side could be mapped to (a;) ® b —
(a; ® b). First, define

(G?Ai) x B —"— @ (4 ®x B)
1€ iel

((ai).b) ——— (a; ® b),

which is biadditive. We have a ¢’ by the universal property. Moreover,
¢ : (a;) ® b — (a; ® b) on simple tensors. Fix j. We want to define
V:aj ®b+> (aj(a;)) ® b, wherea; : Aj — P A;.3* O

Remark 1.4.2 Thatis, ® commutes with @.

Proposition 1.4.5 We have R ® g R ~ R.

For free modules, we have

RIX]®rRY| > P RIREP R~ P EP R~ RIX xY]

xeX yey xeX yeY
Thus, if R = [, a field, then dim(7 @ W) = dim(7') dim(W).
Proposition 1.4.6 We have

Hompg (EB Ai, B) A HHomR(A, B).
i iel

Proof. The forward map is f — (f;)ier- O

Proposition 1.4.7 We have

iel

Hompg (A’l_[Bi) ~ HHomR(A,Bi).

iel

Proof. The forward map is f + m; f. O

1.5 Tensor-Hom Adjunction and Naturality

We want a way to define the hom-set from a tensor product A ® g B to an
object C. We need the structures to agree.
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Definition 1.5.1 ((R, S)-Bimodule) Let R and S be rings. An (R, S)-
bimodule is an M in LModg and RMods such that

(rm)s = r(ms).
Let C be a right S-module. Consider the symbol
Hom_g(A ®g B,C).

Then, we would have to force B to be an (R, S)-bimodule, so that A ® g B
is a right S module. In particular, we can define on the basis elements®

(a®b)s :=a® (bs).

We may now state the adjoint isomorphism lemma.

Lemma 1.5.1 There is an isomorphism

t4pc : Hom_5(A ®g B,C) = Hom_g(A,Hom_g(B, C)) € Ab.

Sketch of Proof. Begin by noting that B induces a right R-module structure
on Hom_g (B, C):
(gr)(b) := g(rb).

Take any f € Hom_gs(4 ®r B,C). We will send it to an
f’ € Hom_g(A,Hom_g (B, C)) given by

fl@)(b):= fla®b)eC.
The following must be checked:

(i) Show that f”is a right R module homomorphism.
(ii) Define tapc(f) := f’. Show that t4p¢ is a homomorphism in Ab.
(iii) Show that t4pc is a bijection.

O

Corollary 1.5.2 If [ is a field and 91, 9B are in Vect, then
L(AQB,F) ~L(d, B¥).
Definition 1.5.2 (Natural Transformation) Given two functors F, G : C =
D, a natural transformation v : F = G is a class of morphisms
{tc : F(c) > G(c) eD:c e C}
such that for any morphism f : ¢ — ¢’ € C, we have F(f)to = G(f)ze.
Definition 1.5.3 (Natural Isomorphism) A natural isomorphism is a natural

transformation v : F = G such that forall c € C, . : F(c) — G(c) is an
isomorphism.®

35: Verify that this is well-defined using
the coset construction of the tensor
product.

36: You will also hear this referred to as
an equivalence.
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F(c) 7, F(c)

Figure 1.5: The commutative diagram of G ( ¢) Gf G ( C')
a natural transformationt : F = G

Proposition 1.5.3 The t4pc can be viewed as a natural isomorphism in A and
in C. That is,

(i) ifwe fix B, C, then
Hom_s(— ®g B, C) —= Hom_g(—, Hom_s (B, C))

is a natural isomorphism.
(ii) if we fix A, B, then

Hom_g(4A ®g B,—) % Hom_z (A, Hom_g(B, —))

is a natural isomorphism.

Proof. Complete the proof as an exercise. O

Definition 1.5.4 (Adjoint) A pair of functors F : C — Dand G : D — C

37: We then say that there is an adjunction are adjoint if there exists a natural isomorphism™
between C and D.

Homp(F(c),d) ~ Homg(c, G(d)).

Remark 1.5.1 (Adjoint Pair) Then, we say G is left adjoint to F, and F is
right adjoint to G. An adjoint pair is often written (G, F).

Proposition 1.5.4 Consider functors
F := (—) ®g B : RModg — RModg

and
G := Hom_g(B,—) : RMods — RModg.

38: This follows formally after the adjoint Then, (G, F ) is an adjoint pair.38

isomorphism lemma and the proposition

of naturality are shown.
Example 1.5.1 Note that if we consider R as an (R, R)-bimodule, then
R ®r Ris an (R, R)-bimodule, which is isomorphic to R. In turn, we
may conclude that R >~ R ®g R in Ring.

Lemma 1.5.5 The functor A ®g (—) : RModg — Ab is right exact.

Thatis, for any exact B* — B — B” — 0 the induced sequence AQr B’ —
A®r B - AQr B” — 0is exact. This can be shown directly, or indirectly
via the tensor-Hom adjunction.



Homological Algebra

In topology, we study the related geometric notions of simplicial complexes,
cell complexes, and topological spaces. These geometric constructions can
provide useful motivation for our algebraic tools.

2.1 (Co)Homology of (Co)Chain Complexes

Definition 2.1.1 (n-Simplex) The standard n-simplex A" is the convex hull
of n + 1 points in Euclidean n-space.!

Suppose we are working with a simplicial complex with 11 edges. We
could define the boundary homomorphisms,

a ad
0>2z* 27" L 77 >0,

where each 9; has a domain of i -dimensional simplices. Since the Z* ~ Z®'
is free, it suffices to define on the basis d; (e1) := v, — vy, where e; connects
the vertices v; ~> vy. Then, define d5(f) to be the sum of the edge.
For cell complexes, we could generalize to disks and define boundary
homomorphisms, and likewise for topological spaces, we could work with
the so-called singular chains.

Definition 2.1.2 (Chain Complex) A chain complex is a sequence (Ce, 0o ) 0f
R-modules and R-module homomorphisms

02 01 do 9_1
o> Cp—CL—>Chp—C{ —>C_5p— .-

such that forall i € Z, 9; 0 9;41 = 0.2

Remark 2.1.1 Often, as seen in the definition above, we suppress the
indices and write C, to mean C;, or @,z Ci.

Definition 2.1.3 (Homology) The homology of a chain complex C, is a
sequence of R-modules

H,‘ (C.) ;= ker 3,‘/11‘1’1 8,~+1.

Then, if two objects in Simp, the category of simplicial complexes, are
isomorphic, then they yield identical chain complexes. The same holds
going from Top to chain complexes. Thus, chain complexes are a topological
invariant.?

Proposition 2.1.1 If C, is exact, then H;(Co) = 0 for all i.

2.1 (Co)Homology of (Co)Chain

Complexes . .......... 21
2.2 Resolutions . . . ........ 22
23Torand Ext . .......... 25

2.4 (Co)Homology of Groups . . 27

2.5 Comparison Theorem and
Chain Homotopies . . .. .. 29

1: That is, the O-simplex is a point,
whereas the 3-simplex is the standard
tetrahedron.

2: Thatis, Imd; 41 C ker 9;.

3: In turn, so is homology.
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4: The e means two different things in
either case.

5: That is, it is one which is left and right
exact.

6: Again, this means Hom does not
preserve surjectivity.

Remark 2.1.2 We will suppress notation further, writing Ho(C,).*

Definition 2.1.4 (Cochain Complex) Built out of duality, a cochain complex
of R-modules is a sequence (C*, §°)

§! 50 51
SRR IPLANY o} WPLASY o[ IDLAYo Ly RPN

such that for all i, Tm §'~! C ker §'.

Definition 2.1.5 (Cohomology) The cohomology of a cochain complex is the
sequence H*(C*) of R-modules

H'(C®) :=ker§' /Im§' "

Formally, there is not much difference between homology of chain
complexes and cohomology of cochain complexes.

Definition 2.1.6 (Exact) An additive functor F : LModg — Ab is exact if for
any short exact sequence in LModg, the induced sequence is short exact.”

Example 2.1.1 The non-exactness of the tensor functor happens in the
“left part” of the sequence. Thus, the tensor product does not preserve
the injectivity. Note that since (—) ®g B is right exact, so is A @ (—).
On the other hand, we saw that both Hom functors are left exact.®

Informally, the Hom functors changes coefficients. Our goal is to use
the non-exactness of the tensor and Hom functors to produce nontrivial
homology. Note that the contravariant Hom functor Hompg(—, B) takes
chain complexes to cochain complexes.

2.2 Resolutions

A common construction is to take a R-module M, and then form
i C>Ci>Co—>M—->0—---

which is exact at every index. If M is a module, can one construct an exact
sequence as above such that each C; is free?

Definition 2.2.1 (Free Resolution) A free resolution of M € LModg is an
exact sequence F, of the form

e >FL—>Fp—>M—>0—--.,

where the Fo are all free.

Lemma 2.2.1 For any module M, there is a free resolution.



Proof. Proceed by induction on n, for F,. Construct Fy and a surjective
ap : Fo = M, using the universal property. We wish to build

0

/ Lo
» /

ker «

M 0

Repeat the process.” O

Let F be a free module and

BLC 50

be exact. Further, suppose f : F — C is an arbitrary homomorphism.

Then, there is a g so that the following diagram commutes:

Theorem 2.2.2 The lifting property holds for free modules.®

Proof. We have F ~ R[X] for some X. Define g on the basis X:

gx):=bep ' (f(x)).

where we pick b arbitrarily, using that p is a surjection. Extend g by
linearity. O

Definition 2.2.2 (Projective Module) A module P € LModg, is projective if
it satisfies the above lifting property.

We saw that free implies projective. Let P be projective and let
0—>A—-B—>C(—0)

be a short exact sequence. Consider the functor Hompg (P, —), yielding an
exact sequence

0 — Homg(P, A) - Homg (P, B) - Homg (P, C).

Well, the f of the lifting property is in Homg (P, C). Since P is projective,
thereisa g € Hompg (P, B) so that p« : g — f = pog. Thus, the existence
of lifting for 0 - A — B — C is equivalent to the surjectivity of p..

2.2 Resolutions 23

7: Picking our F}, is not unique, so free
resolutions are certainly not, either.

Figure 2.1: Lifting property for R-
modules

8: We abbreviate the statement using the
diagram above.
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Lemma 2.2.3 A left R-module P is projective if and only if the functor
Hompg (P, —) is exact.

Definition 2.2.3 (Split Exact Sequence) A short exact sequence

i p
0>A4A—>B—C—>0
9: Or, there exists a splitting.

is split? if there exists a homomorphism s : C — B such that ps = id

Figure 2.2: Diagram of a split exact 0
sequence. We call s a section.

B >C——0

N

Proposition 2.2.4 If a short exact sequence, as above, splits, then B ~ A & C

Lemma 2.2.5 Let P be a left R-module. Then, the following are equivalent
(i) P is projective.
(ii) Any short exact sequence of the form

0—>A—B—->P—0
splits.

(iii) P is isomorphic to a direct summand of some free module

Proof. The direction (i) = (ii) is easy via

0 A i . 14

10: This is exactly (ii).

We know thereisa g : P — B such that pg = idp.!” Now, for (ii) = (iii),
let P be given, and let F be a free module such that there exists a surjective
11: Again, we are guaranteed that one homomorphism p : F — P.1! We can turn this into
such module and homomorphism exists.

0—>kerp;>Fi>P—>0.

Then, (ii) tells us that p admits a section s
12: Thatis, P is a direct summand of F

: P > F such that ps = idp.
Then, we get a decomposition F =~ P & ker p.!? Finally for (iii)

iii) = (i), we
know P is a direct summand of some free module F = P & Q. Then,

—»
PPQ~PxQ «—— F P
|
|
Figure 2.3: By the lifting property for F g\ f
there is a g so that pg = fq. Define J e
h := gj.Check that & solves the lifting B < C 0
problem. p




Example 2.2.1 Not all projective modules are free. Consider Z/6 in the
form of equivalence classes, as a Z /6-module. We could consider ([2]) and
([3]), the former of which is isomorphic to Z /3, and the latter of which
is isomorphic to Z /2, in LModz/¢. We certainly have an isomorphism

Z/6~Z/30Z)2,

so Z /3 is projective.!® Yet, 3 is prime, so it is not free over Z /6.

Definition 2.2.4 (Projective Resolution) A projective resolution of an R-
module A is an exact sequence

02 91 do=¢
o ——> P —>Pp— A —>0—---,

such that P, is projective.

Definition 2.2.5 (Truncated Resolution) A deleted (or truncated) resolution
P4 = P, of an R-module A is a sequence

02 01 0
. — P — Py — 0.

2.3 Tor and Ext

We now wish to glean homology from these resolutions. Yet, these
resolutions are exact, so we should apply a functor of some sort."* This
naturally brings us to our first definition of Tor.

Definition 2.3.1 (Tor I) Let A be a right R-module and B be a left R-module.
Pick a projective resolution Py — A, then apply (—) ®r B to the truncated
sequence Py:

01 ®idp
ot > PI®r B ——— Py ®r B — 0.

Then, we define

TorX (A, B) := H,(P4 ®g B) = ker(d, ® idg)/Im(d,+1 ® idp).
Immediately, we give a second definition of Tor.">

Definition 2.3.2 (Tor II) Pick a projective resolution Qp —> B. Then, apply
A ®R (=) to the truncated sequence Q g. Define

Tor®(A, B) := Hu(A ®R 0p) = ker(idg ®9,)/ Im(idg ®n+1).

In the interest of dualizing, we will move on to the notion of injective
modules and Ext.

2.3 Tor and Ext 25

13: Itis a summand.

14: Certainly, an exact chain complex
admits trivial homology.

15: You should have two questions after
seeing these defintions. Notably, is Tor
resolution independent? And, do our
definitions coincide.
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Definition 2.3.3 (Injective Module) A module I is called injective if it
satisfies that for all exact sequences B <— A <— 0, and forany f : A — I,
thereisa g : B — I so that I satisfies the extension property.

1
A
7
5 Tf
//
Figure 2.4: The extension property for the B A
injective module / i

Note that if we have a sequence B 2 C — 0, we can fill in

0—>kerp—>B—~C —0.

. . . i 1 -
16: Recall that Likewise, if we have a sequence 0 - A — B, we can fill inl®

cokeri := B/i(A) 0— A— B — cokeri — 0.

Definition 2.3.4 (Injective Resolution) An injective resolution of a module
B is an exact sequence of the form
st 80
i e— I — 1< B <0,

where I ® is injective.

Theorem 2.3.1 For any module B, there exists an injective resolution.

Proof. See Rotman for the proof. O
We can now state our definitions of Ext.

Definition 2.3.5 (Ext I) Let A be a left R-module and B be a left R-module.
Pick a projective resolution Py —> A, and then apply Hompg(—, B) to Py:

B*
--- < Homg(Py, B) P Hompg(Py, B) < 0.
Then, we define

Exty (A, B) := H"(Hompg(Py4. B)) = ker(d;,,)/ Im(3}).
Alternatively, we could use injective resolutions.

Definition 2.3.6 (Ext IT) Pick an injective resolution B > IB. Then, apply
the Hompg (A, —) functor, and define

Exth (A, B) := H"(Homg(4, %)) = ker(87) / Im(8771).

Note that there are functors

Tor®(—, B) : RModg — ChMod
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and
Ext%(—, B) : LModg — CoMod.

2.4 (Co)Homology of Groups

Given a group G and the ring Z, we can form the group ring ZG of G over

Z.7 The underlying set is given by ZG := Z|[G]. 17: 1f you like, we could take RG, for an
arbitrary ring R.
Then, addition is defined

(Z“gg) + (Z bgg) = (ag +bg)g.

geG 2€G =
Multiplication, being careful, you must write'® 18: Reduce modulo when products
8182 = 8185 agree.
a b
(Z ggl)( Z ggl) - Zz(aglbgz)(&gz).
81€G 226G s e

Pick a left R-module B, where R := ZG. Then, we define the homology of
G with coefficients in B by

H, (G, B) := Tor%%(Z, B).

Explicitly, first pick a free (or projective) resolution of Z over ZG. That
is, let Z be a right ZG-module, taking the trivial right G-action. That is,
1-g:=1.

We have a sequence
o> > FL > Fy—>Z—0
in RModzg. Truncated, we have
o> > F — Fy — 0.

We apply (—) ®zc B. Then, take the homology.

Similarly, pick B € LModzg. Then, we define the cohomology of G with
coefficients in B by
H" (G, B) := Exty;(Z, B).

Explicitly take a resolution as before, but consisting of ZG-modules. Apply
Homgz (—, B), and then take cohomology.

Remark 2.4.1 (Alternative Convention for Topology) Sometimes, we
wish to define H, (G, B) where H, (G, B) := Tor,lf(B, Z). This is useful
when we want G ~ 71 (X, Xo), of some nice space (X, xo) € Top,.

This was, in sense, a topologically motivated construction of the
(co)homology of groups. What about an algebraic approach?
Let G be a group. Denote

Fp:=Z[G"™ =Z[G x ---x G].

n+1
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19: We will move on to considering Fj, as
a ZG-module.

20: We will describe what the chain
homotopy equivalence is later.

21: It whould commute with the aciton.

22: This is a basis as a free ZG-module.
Note that the bar notation is where the
resolution gets its name.

An element of G"*! is a tuple (go,...,gn), where g; € G. Define
homomorphisms

3 3
---—)Fz——>F1——>F0—>Z.
We may consider F, as a free Z-module.”® On basis elements, define
n
On(g0-&1.----gn) = (=)' (0. Girv 2 8n) : Fn = Fyo1.
i=0

Check that 0,—; 0 9, = 0. This is exact because there exists a contracting
chain hornotopy20 in LModz. Further, we can place a left ZG-module
structure on F, = Z[G"T!]:

g (g0:8g1,---+8n) = (g80,881:----88n)-

What must be checked is that d, is a homomorphism of ZG-modules.?
Note that
do=¢:Fy—>Z

is the augmentation map. We sent
Z dg8 ) = Z a
g
(gGG 2eG
The contracting chain homotopy here is given by

hn
Fn —_— Fn+l

(80, gn) (1,80, 81,---. &n)-
The standard (or homogeneous) bar resolution of a group is our resolution

---—>F2—>F1—>F0—>Z.

Let F, := ZG[G"]. As notation, we write elements as

[g1lg2]---1gn] € G",

which is precisely the basis of F,, over ZG.??

Theorem 2.4.1 We claim F, ~ F,, over ZG.

Sketch of Proof. The map F, = F, is given by

[g1|g2||gn] = (]’glv"'vgn)v

which is a basis of F;, over ZG. O

We now have two isomorphic resolutions:
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J I AN RN 0
/ / /
Fy = 5 By 5 Z 0

Then, given the boundary map

n
an(g07 g27 e 7gn) = Z(_l)l (g()a L] gi,gn),
i=0

we can define 3, : ZG[G"] — ZG[G" ] by
O,lg1lgal---lgn] := x1[xa] -+ [xn]
n—1 )
+ ) D el i ]
i=1

+ (=D"[x1] - |xp—1]-

2.5 Comparison Theorem and Chain Homotopies

Definition 2.5.1 (Chain Map) Given a chain complex C,, a chain map
Jfeo 1 Co — C/[ is a sequence of homomorphisms f, : C, — C,, such that the
natural diagram commutes.

That is, we need a commutative lattice

202G
fzJ fll fol
I Vi !
C, % Ci 7 Co

Remark 2.5.1 (Notation) If we have a chain complex

0i41 9;
Cit1 — C —> Ciy,

then we define the cycles Z; := ker 9; and the boundaries B; := Im 0; 1.
Then, homology is givenby H,(C,) := Z, /B,. Likewise, we have cocycles
Z' := ker§' and coboundaries B! := Im§'~! of a cochain complex, so
cohomology is H"(C*®) := Z" /B".

Lemma 2.5.1 Each chain map fo : Co — C| induces a homomorphism

Figure 2.5: The homogeneous bar
resolution (top) and bar resolution
(bottom) of a group G
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Figure 2.6: Chain homotopy /e

Jax : Hy(Co) — H,(C)) given by

Jox(x +Im0y41) := fu(x) +1Ima;, 4

Proof. The diagram chase is trivial. O

Given two chain maps fe, ge : Co =2 C., a chain homotopy between f, and
ge is a sequence of homomorphisms #, : C, — C, . such that for all n,
Jn—8n = a;,_;_l ohp + hp—1 00y

On+1 on
Cn+1 Cn Cn—l
7 7
7 7
7 7
e 7
7 7
7 7
7 7
Jn+1 En+1 e In &n e Sn—1 &n—1
s hn e hn—1
7 7
7 7
7 7
g i
/ / !/
Cn+1 PY Cn P Cn 1
n+1 n

Lemma 2.5.2 If there is a chain homotopy between fo and g, then the induced
maps agree on homology.

Proof. This is formal:

(e = g (6 + M 1) = (o — @) () +Im 3,
= (0,11 0hn + hp—1003,)(x) +Ima, 4
=Tmd,
=0¢ H,(C)).

Thus, fu« — gux = 0 € Hy(C)). O
Theorem 2.5.3 (Comparison Theorem) Suppose Ae — M and A, — M’
are chain complexes over modules M and M’:

o> Ay > Ay > Ag—> M — 0

and
o> Ay > A] > Ay > M — 0,

where A, is projective and A, is exact. Then, any homomorphism f : M — M’
extends to a chain map f, between the two chain complexes. Furthermore, any
two such extensions fe and ge are chain homotopic.

Proof. Consider the given initial square.
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A) M’ 0

We get fy via the definition of projective module. Now, if we try the same
for the next step, we see that

A1—>A0

|
?i lfl
‘1/

I ! 4
A1 A0 0
does not work.?? Instead, we could take 23: Whereas in the first case we have
exactness, this is not automatic in the next
step.
A P

Y]l

Al — kerdy — 0

checking that Im( f101) C ker d;:
9 f101 = fded1 = 0.

Thus, there is a lift

Continue inductively, yielding a chain map f, : Co — C/. What about
uniqueness, up to chain homotopy? Suppose f. and go : Ce = C, are two
such extension chain maps of f =g: M — M’'. Leth_, : M --> A} be
the zero map. Next, find h¢ so that f; — g1 = 090+ 9 . This is equivalent
to saying hy is a lift, so we want to solve

_ Ay

3,77
h
/ 0 lflgl

v
A} — kerdy —— 0

Notably, we need to check that f; — g; takes place in the kernel. Well,

(05(fi—g1)(x) = (f0)(x)—(fo)(x) = 0.Inductively, suppose we have
hnsothat f,—gn = 0), 1 hn+hp—10,, wewanttofind hy 41 : Apt1 — A4,
so that

Jnr1 = &nt1 = 0 ohng1 + hpdngr.
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24: That is, we can construct a chain
homotopy /e between them.

25: The same holds for ge ® idp.

26: Thus, Tor is independent of the choice
of resolution.

That is, we equivalently want to find 4,4 so that

a;,+2hn+1 = hnOnt+1 = fat+1 + &nt1.

R

Then, we want to have the diagram,

On+1
Apy1 ——> A,

/ /
—_—
A2 — - A1
n

but to have exactness we instead seek to solve

Ant1

|

’ /
A, , — kerd, ,, —— 0

In order to be in a situation of this sort, we need to check that Im R C
ker 0, ;. We have

Onr1R =01 (hndps1 — fat1 + gnt1)
= 8;,+1h,,8n+1 - 8;l+1(fn+1 — gn+1)
—(fn—&n = hn—102)0n+1 — 8;1+1(fn+1 = gnt1)
=0,

using the commutativity of the diagram and that A, is a chain complex.
Therefore, there is a homotopy A, +1 : Apt+1 -—> A, ,. Completing our
induction, f, >~ ge are chain homotopic.?* O

Corollary 2.5.4 If P, — M and Qo — M are two projective resolutions of a
module M , then there is a chain map fo : Poe — Qo that extendsid : M — M.
Also, there is a chain map ge : Qe — P, that extendsid : M — M.

Theorem 2.5.5 Tor is resolution invariant.

Proof. Apply the functor (—) @ g B to both resolutions, as above. Then,
foe®idp : Pe ® g B — Qe ®p B is an induced chain map.25 Let fux :
H,(Pe ®R B) = H,(Qes ®r B) be the induced map on homology. Do the
same for gp«. Then, gux« fux : Hy(Pe ® g B) = H,(Pe. ®g B) is induced by
the composite of the chain maps ge fo : Po — Ps. Let ids be the identity
chain map on P,. Then, ids = g f. via chain homotopy, by the comparison
theorem. Then, the induced maps id,« = gnx fu+, strictly. Well, id,« = id
as a homomorphism on homology. Interchange the roles of f and g, and
this tells us that gu« frs = idns = fus&nx, SO fnx = gnx, Mmeaning [y« is
an isomorphism on homology.?® O



2.5 Comparison Theorem and Chain Homotopies | 33

We briefly describe some terminology you will hear.

Definition 2.5.2 (Derived Functors) Let A be a module and F be an additive
functor. Take a projective resolutions P4 — A. Then, the left derived functor is
a sequence (L« F)(A) defined pointwise by

(LnF)(A) := Hp(F(Py)).

Likewise, the right derived functor, given an injective resolution A — I4,isa
sequence (R°® F)(A) defined pointwise by

(R"F)(A) := H"(F(I%)).

Remark 2.5.2 Thus, Tor and Ext can be realized as the left derived
functor of the tensor product and the right derived functor of the Hom
functor, respectively.

Proposition 2.5.6 By the comparison theorem, the left and right derived

functors are, in fact, resolution invariant.”’ 27: It is worthwhile to check that the
derived functors are functors.

Analogous to the notion of homotopies and homotopy equivalences from
topology, we now define chain homotopies between chain complexes.

Definition 2.5.3 (Chain Homotopy Equivalence) A chain homotopy
equivalence between chain complexes Co and C, is a chain map @s : Co — C
such that there is a chain map Yo : C, — Co 50 that Yepe =~ ide and

PeVe = id,.
If there is a chain homotopy equivalence, as above, then the induced map
(Ve@e)n = (ide)n : Hn(Co) = Hn(Co)
on homology is the identity homomorphism. Well, this implies

(Vo) = YenPon = iClH,,,(C.)v

and likewise in the opposite direction.?® Then, if Co >~ C/, then Hy(C,) = 28: That s,
H,(C,) € LModg. Consider the special case ide, 0s : Co =2 C,. Gen : Hn(Ce) > Hy(CL).

Definition 2.5.4 (Contracting Chain Homotopy) A contracting chain
homotopy is a chain homotopy between ide and O,.

Let us break this down: ide —0e = Je/1e + h140., suppressing indices. That
is, forall x € C,,,

X = Opt10hn(x) + hpy—10,(x).

Then, if go = 0 : 0 < C,, @. is a chain homotopy equivalence, so the
induced maps gives us H,(Co) = Hp(0.) = 0y, so H,(C.) = 0. Thus,
kerd, = Imd,41, so C, is exact.
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The Standard Sequence

Given a simplicial complex, it may be a generally difficult problem to
compute the homology of the whole complex. Instead, it may worthwhile
to determine the homology of subcomplexes of the complex, forming an
increasing sequence to study.

3.1 Filtrations

The notion of increasing sequences of modules leads us naturally into the
definition of a filtration, which will eventually point us toward spectral
sequences.

Definition 3.1.1 (Filtration) A filtration of a module M is a sequence of
submodules
My MiCM,C---C---CM

UM,:M.
i

such that

A related characteristic, the grading of a filtration, yields

Grn = Mn/Mn—l-

Remark 3.1.1 (Flag) In the case of finite dimensional vector spaces,
consider a filtration, which is called a flag in this setting:

Then ¥ is entirely determined by the grading.!

We write F, M for a filtration of M, instead of M),.

Definition 3.1.2 (Chain Filtration) Similarly, given a chain complex C., a
filtration F,C, is a sequence®

FOC. c FIC. - FzC. EEQC.

More generally, we could take a filtration of a chain complex C, so that
S FpCe S F1CoS---CC

Note that the filtration is infinite on both sides. We require that F,C, is a
chian complex for all p, along with the natural containment requirement.
That is, 0,(F,C,) € F,Cp—1; i.e., a sub-chain complex of C..> We will,
more often than not, be interested in filtrations which are “bounded.”

3.1 Filtrations . . . . ........ 37
3.2 Homological Type and
Bigrading . . .......... 38
3.3 Convergence of Spectral
Sequences . .......... 41
3.4 Bicomplexes and Tor’s
Equivalence .......... 42
3.5 A Remark on Cohomological
Type .. ... ... .. 46
3.6 Exact Couples . ........ 46

1: This is not true of modules, generally.

2: That is, the inclusions hold generally
for all n—every term of the chain complex.

3: We need
U FoCn=Cy
pPEZ
and
() FpCn =o0.

pPEZ
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4: Keeping track of indices can be a hassle,
and is often not discussed in introductory
texts.

5: The maps arise from the boundary
maps associated to the numerator and
denominator of the grading quotients.
Well-definedness is a simple check.

In this context, we define again the grading

Grp Cy := FpCp/Fp_1Ch.

3.2 Homological Type and Bigrading

We will concentrate on spectral sequence of a homological type, relating to
chain complexes. As you would expect, there are spectral sequences of
a cohomological type, relating to cochain complexes. These are dual in a
natural sense, so we focus on the former.

Now, to visualize the notion of ascending chain complex filtrations, we
place the filtration diagonally: the filtration of C, is placed on the nth
diagonal. That is, we let g :=n — p.

We now change the grading notation:*

Grp Cp+g = FpCptq/ Fp-1Cp+q-

The position of the term F,C, is (p,n — p).

Such a picture is called the “page” D° = (Dpg)p.q-

Definition 3.2.1 (Graded Module) A graded module is a family of modules
{My}nez S LModg.

Definition 3.2.2 (Bigraded Module) A bigraded module is a family of
modules {Mpq : p,q € Z*} C LModg.

If (C., o) is a chain complex, then the boundary map d. can be thought of
as a differential of degree —1. Similarly, we can define maps dee : Moo — Maee
of bidegree (a,b) € Z>.

Remark 3.2.1 By “a page,” we will precisely mean a “bigraded module.”

Now, we could place the grading into our filtration into the same sort of
page.

We call the above page E® = (EJ,),.4 the Oth page of the spectral sequence,

where
Ey, =Gty Cprg = FyCpyq/Fp—1Cpyq.

Note that there are “boundary maps” d° of bidegree (0, —1).°

Definition 3.2.3 (Spectral Sequence) A spectral sequence is a sequence of
bigraded modules,

E" = (Epy)(p.g)ez>-

called pages, together with a sequence

9" = (9py) (p.gyez2:
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called differentials, such that®
d 0d =0,

and so that
Ejl ~ Hpyy(E".0") € LModg.

Now, associated to a chain complex C,, we have cycles Z, = ker d, and
boundaries B, = Im d..”

Definition 3.2.4 (Bounded) A filtration is called bounded if for all n, there are
p', p" € Z such that for all p < p’, we have F,C, = 0, and forall p > p”,
105C = Cie

We will write Z := F»Cpig N 9~ Fp—rCpig—1, where the position of

the left half is (p, ¢) and the position of the right halfis (p —r,g +r —1).

Explicitly, this is {x € F,Cpyq : 0x € Fp_,Cpiq_1}. After taking the
preimage, we need to be in (p, ¢). Then, rewrite d as a “morphism” 9, :
FpCpig »> FprCpig—1.* Note that {Z] } is a decreasing sequence in . If
r is very large, Z,,, stabilizes. Denote Z7 to be the module at which the
sequence stabilizes. Explicitly, this is

Z3% = FpCpig N 071(0).
Consider the case when r = 0:
Zpy = FpCpig N FyCpig
= IpCpiq.
Thus, we have

o} 2 1 0
qu < < qu < qu < ZPCI‘

Similarly, denote

B;q = FpCpiqg NOFpr—1Cpigsa-

The left is at (p,q), the rightis at (p +r — 1,9 — r + 2). Interpret 0 :
FpirCpigt1 v FpCpyy of bidegree (1 —r, r —2). If we look at the term r,
then this 8" corresponds to 3" ! from before. The sequence {B,,} increases
with respect to r. For very large r, B; q stabilizes, due to its boundedness,
at the limiting term

Bpg = FpCpiq N ICpig+1

Thus, we have
0 1 2 [eo)
B,, € B,;, € B,, - C B,y

In fact, we can combine

FpCpyq NOFp 1Cpigr1 =By, S+~ Boo CZ5 C - C Zy = FpCpuyg.

Recall that a spectral sequence is a pair (E,,, d,,) of bigraded modules
and bigraded differentials with bidegree (—r,r — 1).

6: The lower indices depend precisely on
the bidgree.

7: These are actual chain complexes, in
their own right.

8: This is a partial function. It is of
bidegree (—r, r—1) on the proper domain
Zny
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9: We will sometiems also use a dashed-
arrow notation for partial functions.

10: This is the restriction of 9.

Definition 3.2.5 (Partial Function) A partial function C ~ C' is a function
0:X — X' where X € C'and X' € C’ are subsets.

Given a function 0 : C — C’ and a some subsets M € C and M’ € C’, we
can form a canonical partial function’

M, C v O,
which is the full function!®
AIM (MNITIM') - (M N M).

In fact, d | ¥, is a surjection. Then, the approximate cycles and boundaries
above take the form of the domain and range of this partial function. That
is, we can reformulate our discussion above into the following:

(i) Z,, is defined to be the domain of the canonical partial function d,.
(ii) B, is defined to be the range of the canonical partial function d,.

We denote
o 1
=7y [ Brg + 257 g

We claim that this is the same as

r—1
/3 prr—tg-r+2 + Zp_ig41-

Proposition 3.2.1 That is, we want to show that

r r—1
B - azp+r 1,g—r+2-

Proof. We unravel the claimed inequality into the form
FpCpig N0Fpyr—1Cprgt1 = d(Fpir—1Cprqr1 N0 FpCpaiyg)-
Since 9 i%, is epic,
M NOM =M NI M),

so we are done, taking M tobe Fy4,—1Cpig+1. O

Via this reformulation, we may deduce that

EO = F Cp+q/Fp—1Cp+qv

our original definition of the Oth page of the spectral sequence. This is a page
(E®,d 0) of bidegree (0, —1). We want to check that taking the homology
of E? yields E! in our new definition. In general, we take E” to be defined
by E,, with bidegree-(—r,r — 1) morphisms d, : E,, - E,_. .., ;. We

prescribe these by taking the quotient map induced by 0. That is, we have
formed a sequence of pages (E[,,d;,) = (E",d"). For now, we omit the

fact that we are taking successive homologies.
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3.3 Convergence of Spectral Sequences

What does it mean for a spectral sequence to “compute” the homology of a

chain complex (C.. do)? Notaionally, we denote such “convergence” of a

spectral sequence by writing E” = H(C,).!' Similarly, we could explicitly ~ 11: More often, the literature will write
write the pages E}, = Hd(C,). E®= H(Cs)or E' = H(C,).

Definition 3.3.1 (Convergence/Computation) We say a spectral sequence
converges E" = H(C,) (or computes the homology) if there exists a filtration
of He(Ca) called ®,(He(Ca)) € Ho(Ca).> We require that 12: More precisely,

®,(Hy(Ca)) S Hy(Ca).
@, H,(Ca) / @)1 Hy(C) ~ EX

Now, what is E°°? Well, we are clearly, in some sense, looking at the limit
of the E" formula. First recall that we could write

=2 /B’ + 707
Then, we glean
=2 B+ 72 40

This allows us to compute homology up to extensions in the filtration.

Lemma 3.3.1 Let A, B, C be submodules of some ambient module. If A € C,
then
CN(A+B)=A4+ (CNB).

Theorem 3.3.2 The spectral sequence obtained from a filtration FoC, of a chain
complex (Ca, da) converges to the homology E™ = H(C.).

Proof. Define the filtration!? 13: Per usual,n = p +q.
®p Hy(Ca) 1= Im(Hp g (FpCa) — Hyprq(Ca),

where the map is the induced map of the inclusion on homology. We can
write

OpHp1q(Co) = FpCpirg N Zpirg + Bp+q/Bp+q
~ 755+ Bprq [ Brra:
Then,
Grp Hp1q(Co) = (Z55 + Bp+q/Bp+q)/(ZIf°—1,q—1 + Bp+q/Bp+q).
which “cancels” to
Zpg + Bp+q/Z;<il,q+1 + Bp+q

= ZIC;Z + (Z;il,q—l + BP+‘I)/Z;o_1,q+1 + Bp+q.
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This is precisely
Z;Z/Z;Z N (Zp21g+1 + Bpta),
which, by the lemma, is
Z;Z/Z;il,q+l + Zpq N Bpg.
Finally, we can write

Z2 [ 22 o1+ FoCpig N Bprg = ES.

3.4 Bicomplexes and Tor’s Equivalence

We consider some uses of spectral sequences. Notably, we pursue the
special case of a bicomplex.

Definition 3.4.1 (Bicomplex) A bicomplex is a triple (Mee, d’, d"), where
Maee = (Mpg)pqez is a bigraded module, d' is a bigraded homomorphism
Maee — Moo of bidegree (—1,0), and d” is a bigraded homomorphism Mee —
M. of bidegree (0, —1). Further,d' o d’ = 0, d"” o d” = 0, and the following
square anticommutes: d” od’ +d’' od” = 0.

7 !
PO R N ¢ X)|

j/d// j/d//

o <——— o
d’

d//
Figure 3.1: Diagram of bicomplex with J’
the two boundary maps ®

The total complex corresponding to a bicomplex M., is defined as

Tot, (Mee) := @ My,, n=p+gq.
D.qEZ

Then, there is an induced map
d:=d +d":Tot,(Mee) — Tot,_1(Mass).

Check that d o d = 0, so (Tots, d.) is a chain complex. Fix py on the p-axis
of a pg-plot of the total complex, where 7 is the diagonal. Define

Fp Toty(Mas) := @D Mjn—i S Toty(M.,).

i<po

It should be clear that this is a filtration for the total complex. Consider
0. At (p,q) for p + q¢ = n, we have exactly F, Tot,(Mas). From there,
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construct the E° page by taking the grading:
ESy = Fy Totyg(Man) [ Fyet Totyiq(Mas) = My,

Moreover, we have the classic d® = d” maps induced on the quotients.*
Why do we care about bicomplexes? Well, given to chain complex (P, d,)
and (Q., 97), we may consider the bicomplex given by

d:=9'®id
Ppi ® Qg «————— P, ® 0y

ld”::id,, ®9

Pp® Qq—l

Then, define Ps ® Q. to be the total complex of the tensored bicomplex
above.

Remark 3.4.1 Consider two resolutions P4 —» A and Op — B.
Truncating, we can look at P4 ® O 5.5 In particular, this is a chain
complex. Moreover, this arises as a bicomplex of the two resolutions.
Considering the filtration and given spectral sequence construction for
total complexes, we can reconstruct E£°. Using homology with respect to
the d°, we could get the E! page with d!. Taking the homology of the
leftward d!, we could get the next page. It can then be shown that the
homology

H,(P4® Q) = Hy(A® Op).

It is worth noting, that the tensor bicomplex structure constructed above is
not a bicomplex, as it fails the anticommutativity. However, multiplying
d” - (—1)? gives the desired behavior.

Definition 3.4.2 (Flat) A module M € LModg is called flat if (—) @r M :
RModg — Ab is exact.

Remember, for a functor to be exact, it was must preserve exactness of short
exact sequences.'®

Example 3.4.1 (Base Ring) Consider R € LModg. This is flat:

AQ®r R >~ A € RModg.

Example 3.4.2 (Free Module) Any free module F' € LModp, is flat. Our
functor is
(-) ® P R : RModg — Ab.
iel

Since tensors commute with direct sums, we get

AR PR~ Pk R) ~ P A4 € RModr.

iel iel iel

Thus, since direct sums preserve kernels and images, we get exactness.

14: That is, we have returned to our
bicomplex, except with only d”’.

15: Here, we are talking about the total
complex defined above.

16: We know the tensor functor is already
right exact. This definition just gives us
the rest of the exactness.
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We now classify, more generally, when direct sums of modules are flat.

Proposition 3.4.1 (Flat Sum) The coproduct of modules {M; : j € J}
@ M; s flat
jeJ

if and only if each of the M are flat.

Proof. We are looking at two functors:
() ®rPM; and (-) @r M;.
jeJ

17: Check that the square commutes. Consider a morphism ¢ : A — B. Then, we get an induced square:”

Asr@PM; —22 . Bor @M

jeJ jeJ

®(p®idp;)

P er M) — BB ®r M))
JjeJ jeJ

Corollary 3.4.2 (Projective Module) Every projective module is flat.

Proof. Let P be projective. Using the equivalent condition, that means there
is exists a free F and some module Q sothat F ~ P & Q. O

Let P4 —» A — 0and Qp —» B — 0 be resolutions. We can then form the
chain (total) complex

(P41 ®0OB)n = TOtn(Pp ®R Qq)(p,q)eZ2 = @ P, ® On—p.
pEZ

The associated boundary map d’ + d” forms the chain ((P4 ® OB)e. de).

Theorem 3.4.3 The following series of isomorphisms exists:
Hp (P4 ®r B) >~ Hy (P4 ® Qp) ~ Huy(A ®r OB)

meaning the two definitions of TorX (A, B) are equivalent.

Proof. We will only show the first isomorphism, as the other argument
is symmetric. Consider the chain complex C, := P4 ® Q. We need a
filtration. Define

FpCn = Fp(P4 ® Qp)n := D (P ® Qn—).

i<p



3.4 Bicomplexes and Tor’s Equivalence | 45

We claim that F},C, is a subcomplex of C,. Thus, F,C, is a filtration of C,.

Our 9° page arises by putting F,C, on the n = p + g diagonal. Take the
quotients/gradings to yield the quotient

chp+q/Fp—1Cp+q ~ Pp ® Qg

on the nth diagonal of the E° page. Well, E° is the same as the bicomplex
P, ® Qg forall (p, q)."® We wish to compute

1 ._ 0 0
E,, =kerd, /[Imd,, ;.

We have the chain complex

Pp® Q4 Q4
l |
l Pp ®(—) l
Pp®Q1 Ql
| |
P, ® Qo Qo
| |
0 0

which is P, ® Op. If we instead included B on the left chain, we get
P, ®(Qq — -+ — B — 0), and since P, is flat, the homology of the latter
sequence is trivial."” That is,

P,®B, n=0
Hy, (P, =4 P
n(Pp ® Op) 0, otherwise.
Our d! then must be induced by d’.?° Taking the “horizontal” homology
of this E! page (which only has a single row), we should get E2. Yet, this
is exactly
H,(P, ® B) ~ EJ,.

where E2, = 0if ¢ # 0. On the page E?, we need a differential d? of
bidegree (—2, 1). The only nonzero terms in E2 are in the Oth row. Thus,
d? = 0. Trivially, we have that E? ~ E3 ~ E* ~ ... ~ E®. In the E®
page, since only the bottom row is filled, and since our filtration comes on
the diagonals, the only possible nonzero quotient yields

TorR(A, B) := H, (P4 ® B) ~ E?> ~ EX ~ H,(P4 ® Op).

O

There are two ways for the other isomorphism for the equivalence of the
definitions. One way is to interchange the two coordinates (p,q) — (¢, p)
in the page @° for the other result, and we are done. Alternatively, change
the first filtration, which we have been using, to the second filtration. Forming
this amounts to considering i < ¢ diagonal sums in the filtration, rather
than i < p sums. Certainly, this is equivalent to switching coordinates.

18: Essentially, the downward map in E°
is solely produced by d”, as the d’ all
cancel out.

19: The only difference in H, isforn = 0.

20: This requires some checking. We leave
it as an exercise.
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21: Since we are dualizing, multiply the
original bidegree by —1.

3.5 A Remark on Cohomological Type

Thus far, we have looked at spectral sequences of homological type. How
could we “dualize” this tool so that it applies to cohomology, rather than
homology?

Definition 3.5.1 (Cohomological Type) A spectral sequence of cohomological
type is a sequence of pages (E,, d,), where E, = (Ef’q)(p,q)ezz is a bigraded
module and d, is a bigraded homomorphism of bidegree (r, 1 — r)?' so that
dy o d, = 0. Further, we require

Erq1 ~ H*(E,.d,).

Now, the question is, does a spectral sequence of cohomological type exist?
By observation of the pattern of the bigraded homomorphisms, you can
get the cohomological morphisms from the homological morphisms by
flipping the arrows. Thus, any spectral sequence of cohomological type
can be equivalently interpreted as a spectral sequence of homological type
by setting E}, 1= E, 7", or vice-versa.

A natural question is if whether we can use spectral sequences of
cohomological type to prove the equivalence of our two definitions of Ext.
To this end, let P4 —> A be projective and I8 << B be injective.

We can now consider Homg (Pp, [9), using the contravariant and covariant
aspects of our Hom functor, a bi(co)complex with the induced maps d”
and d’. Then, define a cochain complex structure

(Hom(P4.15))" := P Homg(P,.19),
ptq=n
with the induced map isd :=d’' + d”.

Define the first (descending) filtration of the cochain complex C* in the
same way as before, this time going to the right on the &° page:

FPC* := @DHomg(P;. I"7).
i>p

Then, proceed as before.

Remark 3.5.1 Following our earlier remark of how to work with spectral
sequences of cohomological type, we could flip the coordinates (p, g) —
(—p,—q), so our bicomplex of cohomological type, focused in the first
quadrant, would yield a bicomplex of homologial type, focused in the
third quadrant.

3.6 Exact Couples

Spectral sequences can be produced from exact couples, rather than via the
aforementioned technique.
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Definition 3.6.1 (Exact Couple) An exact couple is a tuple (D, E, o, B, y)
such that the @ and E are bigraded modules and o, 8,y are bigraded
homomorphisms which form the diagram

P —F—— D
\ /
E
and such that this diagram is exact at every term.

Suppose22 22: Each arrow is a morphism in ChMod g.
le

0—C ./ C. De C .// =0 That is, they are chain maps.

is a short exact sequence of chain complexes. That is, we have a grid of the
pictured form.

0 0 0
O
/ / /
Cn +1 Cn Cn -1
n+1
O
Crt1 Cy Ch1 —
Pn+1
o
" " "
Cos1 Cy Crop —
Figure 3.2: Short exact sequence in
0 0 0 ChMod g
Then, such a short exact sequence of chain complexes leads to a long exact
sequence
L p
Hy(Cy) —— Hy(Co) ——— Hy(C])
(—‘ connecting morphism induced by 9, __)
Lxn—1 Pxn—1 Figure 3.3: Long exact sequence, induced
Hy—1(Cy) ——— Hp—1(Ce) ——— Hy—1(C,) onghomology i !

Theorem 3.6.1 Any filtration of a chain complex leads to an exact couple.

Sketch of Proof. Suppose F,C, is a filtration of a chain complex C,. Then,
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there is a natural short exact sequence
0= Fp1Cy > FpCy = FyCy [ Fpi Cu 0.

23: This is the same as taking the sum  Take the sum over all p.2* By notation, take
overall p — 1.

0— FeCo - Fo — Co — sum over p — 0.

For each fixed n, we get short exact sequences of chain complexes. Then,
using the above construction, we get a long exact sequence of homology.
Then, form @' by looking at the long exact sequence, and using the
homology of the grading, we get the exact couple with E!. O

Theorem 3.6.2 Any exact couple

—)%1

gives rise to another one

—>92)2

by a particular algorithm.

24: The proof is both perfetly preciseand  Proof. See Rotman’s book.?* O
entirely unrevealing.

We are not going to explicitly use exact couples, but forming a sequence
of exact couples from the E® — 2% — 2% — E° couple does follow from
25: At least, we have the E®. taking homology.”® However, we are not working with ° o 9, as this is
trivial by exactness. Define d® := oy : E® — E?°, in the “wrong order.”
Certainly, d® 0 d® = 0. Then, define the homology E! := H(E®,d").
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We now diverge from our discussion of homology and ways to compute
homology, moving on to some more classically algebraic notions. We will
begin by describing how tensor products can be used to generate some
neat algebras.

4.1 Promoting Modules to Algebras

Informally speaking, an algebra is an algebraic-structural combination of an
R-module and a ring.

Definition 4.1.1 (Algebra) An algebra over a commutative R is a tuple
(R~ A, +,) so that (R ~ A, +) is an R-module, (A, +, ) is a ring, and
the ring-action R ~, 2 is compatible with the multiplication of the algebra.!

Example 4.1.1 Let R be a commutative ring.

(@) The ring of polynomials R[x1,...,x,] is an algebra, where the
scalar action comes from multiplication by R-elements.
(b) A group ring RG, as a set, is R[G]. That is,

RG:%Zag-g:ageRanng:ag;éOH<oo _
geG

The addition is, for g € G,

Zagg + Zbgg = Z(ag + bg)g.

The multiplication is, for g, 7 € G,

(Z agg)(zb”h) = > Y (@ebu)gh).

gC heG §€G heG

collecting like terms to yield?
) (Z(agbglk)) k.

keG ~ &

Further, add a scalar action by the usual action on the freely
generated module R[G] ~ P R.

Remark 4.1.1 (Unity) For our purposes, we will tend to assume that
algebras are unital. However, major examples in practice, like Banach
algebras, or more specifically, C *-algebras, are often not unital.

4.1 Promoting Modules to

Algebras. ............ 49
4.2 The Tensor Algebra. . . . . . 52
4.3 Quotients in Algg, GrAlgg,

andCAlgp . . . . v oo 53
4.4 A Remark on Forms and de

Rham Cohomology . . . . .. 56

1: Thatis, forallr € Randa,b € ¥,
r(a-b) = (ra)-b =a- (rb).

Equivalently, 7(—=) : A - Yanda-(—) :
A — A are commutative, as are r(—)

and (=) b : A — A.

2: Letk = gh.
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3: This is done in the obvious way.

4: Check the axioms.

5: Rotman calls this object the R-bilinear
product of A and B.

Figure 4.1: Here, ® is the associated
bilinear map,

6: We are using the uniquness clause of

the universal property to make the leap.

Given an R-module M € Modg, how could we promote M to an algebra?
Let my,m, € M. It can be done, but we will need to extend our space. The
rough idea will be to start with M, form M ® g M, in some reasonable
sense, and then continue to get M ®3 and so on. However, our previous
construction of the tensor product pushed M ® g M € Ab, but on the way
toget M @r M € Algg, we need to stop in Modg.

Remark 4.1.2 Recall that if R is commutative, then any R-module A4 has
an (R, R)-bimodule structure on it.> Further, if A has an (S, R)-bimodule
structure and B is a left R-module, then A ® g B can be given a left
S-module structure.

Proof. Fixs € S.Then,s-(—) ®idp : AQr B — A ®r B is a well-defined
map which does what we want. Ranging over all of s, we get an action
SXA®RB—>A®RB.4 O

If we have A, B € Modg, then both can viewed as (R, R)-bimodules, so we
can form A ® g B € Modg.

Definition 4.1.2 (Bilinear) Amap h : A x B — C € Modg is R-bilinear if
it is R-biadditive and the scalar factors pull out of the product.

We can then define the universal property of the Modg tensor product:®

AxB 229, 4q. B

7/

v a
/N

f Z/ ¥

C

Theorem 4.1.1 The tensor product in Modpg exists.

Proof. Let F := R[A x B]. Let §’ C F be the R-submodule generated by
(@a+ad',b)y—(a,b)—(a’,b)
(a.b+0b')—(a,b)—(a,b)

(ra,b)—r-(a,b)
(a,rb)y—r-(a,b)

Then, fill in the diagram, as we did for the abelian group case. O
Proposition 4.1.2 The tensor products A @g B ~ A ®', B.
Proof. See the lemma.® O

Lemma 4.1.3 The structure A @ g B is also an R-bilinear product.
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Proof. Explicitly, a ® b := (a,b) + S, where § C F is the biadditive
relations-generated subgroup. Then, (ra) ® b = r(a ® b), by the definition
of the R-module structure on 4 ® g B. Thus, our tensor map (—) ® (—) :
Ax B — A ®pg B is, in fact, R-bilinear.” Let f : A x B — C € Modg be a
bilinear R-homomorphism. Considering the underlying biadditive maps
and groups, there exists a group homomorphism f : 4 ®g B — C € Ab
so that f = ® o f. It will suffice to check on the elementary tensors. Let
reRanda®b € AQg B. Then,

fr@®b)) = f(ra®b) = f(ra,b) =rf(a,b) =rf(a®bh),

so7:A®RB—>C € Modg, as desired. O

Thus, A ®r B ~ A ®’, B, so we will just write A @ g B. Now, we want
to promote A ® g B € Modg to an algebra A ® g B € Algg. Let R be a
commutative ring and let M be an R-module. We saw that our desire to
force a product on M is to work with

ReMeMOIM)d(MOIMIM)S--- .
If p > 1, then some classical notations are Q” M = M®?.If p = 0, then

®°M = M® .= R.

Remark 4.1.3 We should note that there are two ways to interpret the
object M ® --- ® M. One way is to proceed by induction on (M ®g
M) ®g M, and so forth.® Alternatively, you could proceed by the same
construction as before, but with the free module

p
R |:1_[ Mi:| — M®?,
i=1

which, after quotienting, satisfies the universal property

)®-®(-)
_

My x - x M, M ®---®M,

Use R-multilinear maps, here.

Denote by T (M) the direct sums of such tensor products:
T(M) =P M®”.
p=0

Lemma 4.1.4 The module T (M) has a natural R-algebra structure.

Proof. The R-module structure is given by’

Fe(m @ Q@mp)i=(rm) @ma @ -+ @ mp.

7: This is the map composing the
inclusion into the free abelian group on
the product with the surjection onto the
tensor quotient.

8: In order for this to be canonical, in
some sense, we would have to prove
the associativity (up to isomorphism) of
tensor products.

9: Check that this is, in fact, well-defined.
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10: We write M = @, M? and N =
D, N”.

11: Certainly, free groups exist. Note

that the morphisms in Alggp are R-

module homomorphisms which are also
R-homomorphisms (as a ring).

The product is given by
D1 ®®yp) (VB ®yg) =X1 Q- ®Xp QY1 ®++ R yg.

Again, check the multilinearity so that this definition is well-defined.
Further, check that multiplying by r € R commutes with the algebra
product. O

4.2 The Tensor Algebra

We now discuss some theory regarding T (M).

Definition 4.2.1 (Graded Algebra) A graded R-algebra (for commutative
R) is an algebra A such that there exist R-subalgebras AP < U, one for each
p = 0, such that, tautologically,

o =P ar.
=0

Further, AP - A2 C APH4,

In particular, T(M) is a graded R-algebra. We could form a category
GrAlgy by letting the objects be graded modules. The morphisms are given
by graded homomorphisms.

Definition 4.2.2 (Graded Homomorphism) A graded homomorphism is a
homomorphism ¢ : M — N which satisfies p(MP?) € N?.10

Importantly, when R = k € Field, every k-module is free. Everything
reduces to a discussion about bases. Let M = U € Modg be free with basis
X. Then, T(¥) has a nice, more explicit description. Recall

TW) =PIV =ReTV SV VSTV RV RT)®---.
p=0

Well, ¥ =~ €P,cx R. Substituting, and using the associativity and
distributivity of tensors and coproducts we previously deduced, we get

Proe@Pr=PpPprer =P -

xeX yeX xeX yeX xeX yeX

In this case, each kth tensor’s dimension corresponds to a kth power of the
dimension. Recall that free modules F' € Modg have the property

F
N
N

N~
L \\\§0

s

N
N

X \

— M

We could give the same diagram for Grp, or for Alg.!!
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Definition 4.2.3 (Free Algebra) A free R-algebra § € Algg with basis X is
one which satisfies the universal property, as above.

The question is, per usual, does such a free algebra § exist?'?

Lemma 4.2.1 For each X € Set, let V := @, cx R. The algebra T(TV') €
Algy, satisfies the universal property for a free R-algebra.

Proof. Complete as an exercise. O

Remark 4.2.1 The tensor algebra T(7) of a free module of rank
k corresponds to the algebra of polynomials over k noncommuting
variables in X.

Remark 4.2.2 Let ¥ be a Riemannian manifold. We could form the
tangent space ¥ at each point of X, and then collect these into the
tangent bundle. The bundle can be promoted to one consisting of T (7).

4.3 Quotients in Algy, GrAlgg, and CAlgp

If our goal is to build new algebras out of T (7'), then we must first deduce
what quotients mean for R-algebras.!® Let % be an R-algebra. Let I be an
ideal in 2. We have the injection R > A givenby r > r-1. By our definition
of algebra, forallr € Rand a € A, we haver -a = (r - 1) - a. The same

holds for when we restrict attentiontor € I,sor-a=(r-1)-a € Al C I.

Thus, any ideal / € U is a submodule.

Thus, we can always form a quotient 2/ € Algg, using the inherited
quotient ring and module structures.

Let ¥ be a free R-module. What do ideals in T(7) look like? Let I be the
ideal in T(7') generated by

vV —v ®v, v,veV.
N ———— —
in V@Y

What does this explicitly mean? Let S C 2. Recall that the submodule
generated by § is the set of all finite, formal R-linear combinations of
s € S.1 Also, recall that a cyclic module is one with a singleton generating
subset. The ideal generated by S C 2 is given by

(S)=()1=us.
128

the same as an ideal generated in a ring."

Definition 4.3.1 (Graded Ideal) A graded ideal in a graded R-algebra

12: As we would hope, it does.

13: In Grp, we use normality, in Mod g, we
use submodules, in Ring, we use ideals.

14: Equivalently, it is just the smallest
submodule of U containing S

15: We could instad consider CAlg g, the
category of commutative algebras.
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16: The generators live in M ®2 oo they
are homogeneous for p = 2.

17: Rotman uses the second isomorphism
theorem in Mod g to deduce this. This is
not illuminating.

A € GrAlgg is an ideal I < A such that

1=@1P,

p=0

where I[P := 1 N AP.

Lemma 4.3.1 An ideal I in a graded R-algebra U is graded if and only if it is
generated by homogeneous elements.

Definition 4.3.2 (Homogeneous Element) An element a € 2 € GrAlgg is
called homogeneous if there exists p > 0 such that a € AP.

We now return to our desire to enforce commutativity on a quotient of the
tensor algebra T (M), for some M € Modg. Our plan was to quotient by
the ideal / defined by

wem —m@m:m,m e M) C T(M).

What kind of structure does T(M)/I have? Certainly, it lies in Algp.
Observe that I € T(M) is homogeneous.'® By our lemma, proven on the
homework, this is equivalent to I being graded.

Proposition 4.3.2 The category GrAlgg is closed under taking quotients by
graded ideals.

Proof. The proof is also left as an exercise for the homework. The

multiplication on
A/l = P ar / Prr

p=0 p=0

is read from the quotient 2/ /:
@+ DHb+1)=ab+ 1.

The natural guess for the grading on %/ is

@/1) = (4P + D] 1.

Check that

internal

aur= P (AP+1)/1.

p=0

Alternatively, check that?

A/~ P ar/1v.

p=0
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Definition 4.3.3 (Symmetric Algebra) Let I € T (M) be an ideal. Denote
(M) = '%:(M)/I
for the symmetric algebra on M € Modg.

Example 4.3.1 Consider the term M®2/12 = M ® M/I? in &(M). In
the quotient, m @ m' = m’ ® m.1®

Remark 4.3.1 (Dimension of Symmetric Algebra) Note that, for example,
in the free case of degree 2 ¥ ®?, in the quotient &(7) we have that the

dimension follows
I X[(1X]+ 1)

2 b
where X x X isthebasisof ¥ & V.

Exercise 4.3.1 When 7' € Modp, is free with basis X, then &(%/) satisfies
the university property

e(7)

X —

for free objects in CAlgg, the category of commutative R-algebras.

Recall that the ring of polynomials R[X] € CAlgy satisfies an identical
universal property.

Corollary 4.3.3 We have that (V) ~ R[X] € CAlgg."”

Another ideal in T(M) is J, the ideal generated by m @ m forallm € M.

This J is graded, as m ® m € M ®? are homogeneous. We will denote by
AM = ’i”(M)/J € GrAlg,

the exterior algebra on M 2

Exercise 4.3.2 Check that J2= (M @ M)NJ = (mQ@m :m € M) as
an R-submodule of M ®2,

Using our grading notation, we write

AM =D

p=0

According to the exercise, /\2 M ~ M®2/J2. The elements of the exterior

18: Hence the naming.

19: In words, the symmetric algebra is the
same as the ring of polynomials.

20: This is the classic terminology.
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21: To distinguish, we will write R[X]aig
for (7).

algebra are denoted by

mem +J :=mAm'.
Lemma 4.3.4 We have thatm Am’ = —m’ Am € \ M.

Proof. This is just a computation:

0

(m +m’ m+m’)=M—i(—)m/\m'+m'/\m+M0

It is because of this behavior that you will also hear A M called the
alternating algebra on M.

O

Remark 4.3.2 (Notation) We have been mixing some notational choices.
Let X € Set, let R € Ring, and let

V:=R[X]=EPR.
xeX
We will write
R(X):=T(7),

the tensor algebra on the set X. Rotman chooses to write
R[X] = &(7),

the symmetric algebra on X .!

4.4 A Remark on Forms and de Rham
Cohomology

For arbitrary u € AP ¥ and v € AP ¥, can we relate u A v with v A u?
First, write this in the case of elementary wedges:

UT AU AN ANUp AV ANV N ANVg .

ue N\’ v veN!r

Then, via the associativity of the tensor product, we can rearrange as we
wish:
UL A A(Up AV AV A AV,

interchanging with the —1 term. This yields
(—1)Pv1 A (U1 AU Ao AUp) AUg Ave- A g,
Doing the same for the v; terms, we get

(=D A u.
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Thus, for basic wedges of degree p and g, we get (anti)commutation up to
a pqth power of —1. Using bilinearity, write the us and vs in terms of some
xi; € X, the basic elements:**

Xip ® Xiy @+ ® xj,, xi; €KX,

the basis in ¥ ®?, so the dimension (say, if R is a field), is n?. Consider the

element
Xip N\ Xiy /\---/\xip

in the quotient. The question becomes combinatorial: count the subset of
all tuples (i1, 12, ...,ip) such that in the wedge, /\f;l Xi; € NPV forms a
basis.

Lemma 4.4.1 (Binomial Theorem) The set

. . . . p
{xil AXiy N AXj, i1j €[n]andiy <ip <--- <ip g/\ °I/}

is an R-basis for \? V.
Proof. The proof is left as an exercise. O

Corollary 4.4.2 If V' € Modg = Vecty, then

dimpg /\p°l/ = dimg /\p°l/ = (n)

P

Example 4.4.1 (Degree 2) We have
) 2 n nn—1)
d V = = —.
1meg /\ (2) b

Example 4.4.2 (Degree n) We have

n n
di YV = =1.
Imeg /\ (n>
Notably, the basis of \" 7 is

{xl/\xz/\---/\x,,},

SO /\" YV ~ R.Given dim¥ = n, an element v{ A --- A v, forv; € V
can be written as an R-multiple of x; A --- A x,. Then, the coefficient of
the basic element should be called the determinant of the list of vectors.?3

Exercise 4.4.1 Check that the usual notion of determinant coincides with
this description.

22: For this discussion, suppose X is of
size n.

23: We are identifying the list of vectors
with the matrix
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24: For intuition, consider X1 — |R3,
taking the tangent plane at any point x €
31 on the torus.

25: Here, U can be replaced with a
smooth Riemannian manifold with a bit
of extra work.,

Remark 4.4.1 Let ¥ be a Riemannian manifold.>* The tangent space
T,X for x € ¥ we call ¥ € Vectr. The collection of all these spaces
is called the tangent bundle. Replace each ¥ with T(7'), which has
dim T(¥) = oo over R. Instead, we could take the quotient and get
/\ V. All of these operations are functorial on the fibers of the bundle.

Let U C R” be open.?’> Consider €°°(U) € Map(U, R), the collection of
smooth functions U — R. Certainly, €°°(U) € Algg under the natural
operations. Formally, consider

AU)" = 6™ (U)" := @ E®(U) € Modgeo ().

i=1

Then, A(U)" has a basis which we may denote dx; ,...,dx,. We could
consider the tensor algebra T (2(U)"), and then we may form A A(U)" as
the quotient.

Definition 4.4.1 (p-Form) A p-form on U is an element of /\? A(U)".
The basis of A? A(U)" over € (U) is given by

{dxi1 Adxi, Ao Adxg, tij € [n]and iy <ip <--r <ip C /\p QI(U)”}.
Then, every such element is of the form

Zfil ..... i, dxiy A Adxg, = Z (firsnip Axiy ) Adxiy Ave Adx, .

We write Q7 (U) for the set of all p-forms on U. There exists a differential

P
map Q7 (U) 27, qr (U). We get a cochain complex (2°(U), d*) so that
d?dP~! = 0. In turn, the cohomology H*(Q*(U), d*) is called the de Rham
cohomology of U.

This description can be reformulated in terms of vector bundles, as
heuristically described before.



Noetherian Rings and
Representations

To close, we will now discuss some topics related to modules and
representations which are often omitted in other courses, despite being
rather useful. This may, at least in part, be review of familiar material.

5.1 Dimension, Rank, and Invariant Basis
Number

Assume the axiom of choice. Then, every vector space ¥ over k has a basis.
Generally, there are two cases:

(i) If 7 has a finite basis f, then take any two bases 8, 8’ € V. Using
reduction of the change-of-basis transformation to REF, we get that
Bl =B'] < 00!

(ii) Let 8, 8’ € U be infinite bases. We want to show that |8| = |8’|. Each
b’ € B’ can be written as a finite linear combination

finite

b'=Y b, bep.

bep

That is, we have a function
a: p — Fin(B),

the set of finite subsets in B. Each b’ € span(supp(d’)). By linear
independence, for all C € Fin(p), there are finitely many b’ € g’ such
that b € span(C). Via some logic, |Fin(8)| = |B|. Then, « is finite-to-1.
Thus, the domain of « has cardinality no greater than |Fin(8)| = |B]|.
Do the same in the opposite direction to yield || < |B’|. Via the
Schréder-Bernstein theorem, |3| = |8’|, so we are done.

Thus, for Vecty, the dimension of a vector space ¥ can be defined as the
cardinality of any basis of V.

Let R € CRing. Consider a free M € Modg. Then, M >~ .. x R. Suppose
further that M =~ P, cy R. Assume R # 0, by independence. Let / R be
a maximal ideal in R. By Zorn’s lemma, this is unique and nonempty. Then,
IM is a submodule of M. Considering M/IM, we get an R/[-module,
which is a vector space. Then, the argument reduces to the vector space
case above.?

As such, every free module over a commutative ring has a well-defined
notion of dimension.

Remark 5.1.1 (Rank of Free Group) Let F;, be the free group on n
generators. Likewise, consider Fy,. Suppose F,, =~ Fy,. Then, it can be
shown in various ways that n = m. That is, rank is an isomorphism
invariant for free groups.’

5.1 Dimension, Rank, and

Invariant Basis Number . . . 59
5.2 Group Representations . . .63
5.3 (Semi)Simplicity ....... 64
5.4 Maschke’s Theorem . . ... 65
5.5 Classification via

Wedderburn-Artin ... ... 65

1: This follows from the kernel being
trivial.

2: There is a slight difficult with checking
that the coproduct structure is preserved.

3: One sanity check is that the wedge
of n circles is not homotopy equivalent
to the wedge of m circles, unless n =
m. Though, this fact is usually defended
using that rank is isomorphism invariant.
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4: We argue by contradiction.

5: That is, M satisfies the acc.

Our next goal is to define a reasonable notion of “rank” for R-modules.

Theorem 5.1.1 Let M € LModg. The following are equivalent:

(i) M satisfies the ascending chain condition (Acc).
(ii) For any nonempty family of submodules & := {S; € M :i € I}, there
exists a maximal element of F with respect to inclusion.
(iii) Any submodule of M is finitely generated.

Proof. We begin with (i) = (ii). Suppose there is a nonempty family F
without a maximal element. Take any Sy € %. Then, Sy is not maximal in
F, so there exists S; € F such that So & §. Similarly, construct S; < S,.
We get an ascending chain

S0ES1€S5 &,

=

which is a contradiction to (i). Now, we work on (ii) = (iii). Let S be any
submodule of M. Let F be the family of finitely generated submodules
of S. Generally, we have no reason to believe S € %. By (ii) there exists a
maximal submodule Spa.x € F. We claim that Spax = S. Suppose there
existsan x € S\ Spax.* Consider

(Smax» X) = Smax + Rx 7& Smax-

Then, (Smax,X) € F, but Spax & (Smax, X), a contradiction to the

maximality of Smax, S0 S = Smax, as desired. Finally, we show (iii) = (i).
Take any ascending chain

S() g S] g Sz g ..o In M.
Let

oo
S=JScm
k=0

We know S is finitely generated. Thus, we can write

S = (x1,%x2,...,X,) S M.
Then, by definition {x1,x2,...,x,} € S, so x; € S; for some i € N, and
likewise for all xj. There exists some index ko € N such that x,...,x, €
Sko- Thus,
S C Sko € Sko+1 € Skg42 S ---C S,
80 Sk, = Sky+1 = *+, giving us the desired stabilization.® O

The same properties are equivalent for a ring R € Ring. Just consider the
module R € LModg.

Corollary 5.1.2 The following are equivalent:

(i) R satisfies the Acc for left ideals.
(ii) For any family of left ideals F in R, there is a maximal left ideal in F.
(iii) Any left ideal in R is finitely generated.
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Definition 5.1.1 (Left Noetherian Ring) If R € Ring satisfies any of the
above properties, it is called left noetherian.

Theorem 5.1.3 Let R be left noetherian. Then, any submodule of a finitely
generated M € LModR is finitely generated.

Proof. Let M € LModg be generated by

{XI’XZ""’xn}'

We proceed by induction on n. If n = 1, then M = Rx is cyclic. Take any
submodule S € Rxj. There is the standard characterization

R/Ann(xl) ~ M = Rx;.

We have that J := (r - (—))7!(S) is a left ideal in R. Clearly, Ann(x;) € J.
Since R is left noetherian, J is finitely generated. Call @ := r - (—). Then,
the restriction & : J —» S is a surjection. Thus, S is finitely generated.® 6: This completes the base.

Let S € M be a general submodule, and let us argue n — n + 1, i.e., write
M = (x1,...,Xn+1)p all distinct. Let M" := (x1,...,Xn)3yy S M. Form
the quotient M” := M/M’ so that the following short sequence is exact:

0>M —>M-—>»>M'—-0.

Further, we can explicitly write M” >~ Rx,41. We have that M is generated
by at most n elements and M" is generated by at most 1 element. Consider
S N M’ — S. We can extend this to a short exact sequence

0->SNM S —>»S/(SNM')—0.

By induction, S N M’ is finitely generated by, say, {«;};. Further, we can
write

S/ (SNM)~(S+M)YM cM/M =M",
so S/(S N M’) is finitely generated by, say, {8;}. Then, if 7 : § —»
S/(S N M’) is the quotient map, we have

S~ (o, n 7 (Bi))u

taking any choice in the preimage of the generators. O

Corollary 5.1.4 If R is left noetherian and M € LModp is finitely generated,
then M satisfies the acc.” 7: This just runs through the equivalence
of being left noetherian for modules.

We now define the invariant basis number (18n) for rings.

Definition 5.1.2 (Invariant Basis Number) A ring R satisfies the IBN if for
allm,n >0,
(R™ ~ R") = (m = n).
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8: We can suppress the “left,” since
domains are commutative.

9: Realize R" as a submodule of R
along the standard inclusion.

10: Use the corollary from earlier to
deduce that o satisfies the acc.

Theorem 5.1.5 If R # 0 is left noetherian, then R satisfies the IBN.

Before we prove theorem, let us consider some natural examples.

Example 5.1.1 Let R be a principal ideal domain. Trivially, R is (left)
noetherian,® so it satisfies the 1BN.

Lemma 5.1.6 Let R be a principal ideal domain and M € Modg is finitely
generated by at most n elements, then any submodule of M can be generated by
at most n elements.

Proof. Let M = (x1,...,Xn)p-Inthebase, M = Rx,considera : R — M.
It follows that J := a~1(S) is an ideal, so J is generated by at most one
element. Recycle the inductive argument from before. Then, S N M’ is
generated by at most n elements, but S/(S N M’) is generated by at most 1
element, so § is generated by at most n + 1 elements. O

Proof of Theorem. Assume o := R™ =~ R". Without loss of generality,
assume that m > n. Let ¢ be the composite endomorphism

d—>R" > R" = d,

where R™ — R" is the standard projection.” The kernel ker ¢ ~ R™™".
We simply need to show that ¢ is an injection, forcing m = n. Thus, we are
done, modulo the following lemma. O

Lemma 5.1.7 Let R be left noetherian and let ¢ : A — d be a
surjective homomorphism, where A € LModg is finitely generated. Then,
¢ € Autipmodg ().

Proof. Consider the sequence ¢, @2, <p3, ....Denote K; := ker goi. Certainly,
K; C K;4+1 for all i. Thus, we have a chain

Ki €K, CK3C--CK;i S+

Then, {K;};en stabilizes.!” Thus, there is an iy € N such that Kiy = Kiy+;
forall j € NU{0}. We want to show that for sufficiently large i, K; = K41
implies K;_; = K;. We always have K;_; € K;. Takeany x € K; = K; 1.
This means ¢’ (x) = 0, but we need ¢’ ~!(x) = 0. Since ¢ is epic, there is
y € d such that ¢(y) = x. Then,

p'(x) =9 (y) =0,

soy € Ki4y1 = K;. Then, since y € K;, we get that ¢’ (y) = 0. Splitting
again, this means _ '
¢ lop(y) =9 (x) =0,

so x € K;,, giving the desired inclusion. Keep applying this process
inductively, starting from iy. Then, we obtain

Ky=-=Kjy=Kip1 ="



Extend the sequence on the left by Ky, where K¢ = ker % = kerid = 0.

Applying the argument one more term, we get that the whole sequence
stabilizes at Ko, thus completing the argument. O

That is, we can talk about invariant basis number for nontrivial, left
noetherian rings.

Example 5.1.2 (Fields) Of course, since principal ideal domains are left
noetherian, so are fields.

Example 5.1.3 (Matrix Algebras) Let k be a field and let R := M, (k).
Then, R is a k-algebra in the usual way. We claim that R is left noetherian.!!
Of course, in particular, R € Vectyx. Moreover, dim R < oo. Then, any
flag % in R must stabilize, due to the finiteness, so R satisfies the acc.

We now give a classical, rich source of examples of left noetherian rings.

Though, we will likely omit the proof.

Theorem 5.1.8 (Hilbert Basis Theorem) If R is a left noetherian ring, then
the ring of polynomials R[x1, ..., x,] is also left noetherian.

5.2 Group Representations

Let k € Field be a field and let ¥ € Vecty be a k-module. Denote by GL(%7")
be the set of all linear maps with an inverse. That is, we simply defined the
general linear group GL(V') = Autyesy (V).

Definition 5.2.1 (Representation) A G-representation of a group G € Grp
is any homomorphism
o0:G — GL(7),

for some V" € Vecty over a field k.

Remark 5.2.1 Equivalently, if BG denotes the delooping groupoid
associated to G, then a G-representation is a functor

Y. : BG — Vectg.

This form of the definition generalizes other, similar notions like G-sets
BG — Setand G-spaces BG — Top.

There is a nice relation between such representations and the theory of
modules. For any group G and field k, let R := kG denote the group
algebra over k.

Lemma 5.2.1 Each G-representation o : G — GL(7') gives rise to a kG-
module V. Conversely, any kG-module leads to a G-representation.
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11: We will use the acc for left ideals.

12: The operation is composition.



64 | 5 Noetherian Rings and Representations

Proof. Given o € Homgp(G, GL(7)), our natural candidate for 77 is ¥
with a kG-module structure:

finite finite
Doagg |vi=) ag(a()(v)). veVe.
geG geG

Check that the defined map kG x ¥ — % satisfies the axioms for a
13: This bit is left as an exercise. kG-module.” Conversely, let 7 be a kG-module. Define

G —>— GL(¥)
g— (v (1g)v).

Again, we should check that ¢ is a homomorphism, which is trivial by the
definition of a kG-module. O

Remark 5.2.2 The correspondence above can be encoded into an
equivalence
Repf ~ LModkg

between the category of representations of G over k and the category of
k-modules.

5.3 (Semi)Simplicity

Definition 5.3.1 (Simple Module) A module M € LModp is simple if it has

14: Here, “proper” means nonzero and no “proper” submodules.“
not all of M.

Definition 5.3.2 (Simple Ring) A ring R € Ring if it has no “proper” ideals.

Remark 5.3.1 A submodule N of M is simple precisely when N is
minimal.

Definition 5.3.3 (Semisimple Module) A module M € LModg is called
semisimple if it is a (possibly infinite) direct sum of its simple submodules.

Definition 5.3.4 (Semisimple Ring) A ring R € Ringis called left semisimple
if it is a (possibly infinite) direct sum of its minimal left ideals.

Remark 5.3.2 A simple module is a semisimple module, trivially.

Remark 5.3.3 A simple ring does not have to be left semisimple.

We now state, without any proof, a nice characteristic of left

15: IfIremember correctly, my notes from semisimplicity.lS
Rezk’s 500 course have these sorts of
results proven.



Proposition 5.3.1 For a module M € LModg, M is semisimple if and only if
every submodule of M is a direct summand.

Proposition 5.3.2 For a ring R € Ring, R is left semisimple if and only if
every left ideal of R is a direct summand.®

5.4 Maschke’s Theorem

We now state the classical result which witnesses a relation between
representations of finite groups and left semisimple rings.

Theorem 5.4.1 (Mashcke’s) If G € Grp is a finite group and k € Field is
a field such that chark } |G|,Y then the group algebra kG € Algyg is left
semisimple.

Sketch of Proof. It suffices to check that any left ideal / € kG is a direct
summand, per the above proposition. First, observe that kG is a k-linear
space. Then, [ is a k-linear subspace. Pick a basis f; in I, extend it to a
basis S for all of kG, resulting in a decomposition

[®Y =KkG, U :=span{fr )\ fr}.

Yet, we do not know that 7/ is a left ideal of kG. Still, we have a k-linear
projection d : kG — I.Moreover, d is a retraction:

(Vu € I(d(u) = u).

That is, I < kG —» [ is the identity."® Using the fact that G is finite, we
can average over G to get the desired result. Define @ : kG — I by

D) = é Y x-dx'w), uekG.

xeG

This is a kG-retraction kG — I, as desired.!’ O

5.5 Classification via Wedderburn-Artin

We now “complete” our investigation of left semisimple rings.

Lemma 5.5.1 A ring R € Ring is left semisimple if and only if R is the direct
sum of finitely many minimal left ideals.

Lemma 5.5.2 (Schur’s) Let M, M’ € LModp be simple. Then,

(i) any R-homomorphism M — M is either O or an isomorphism.>
(i) the endomorphism ring Endg(M) is a division ring.
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16: Here, this means direct summand as
an R-module.

17: For instance, let k >~ Q.

18: Recall that this is equivalent to being
semisimple.

19: Just use ker® as the direct

complement of the ideal.

20: Thatis,
Hompg (M, M) ~ Iso(M, M") U {x}.
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Lemma 5.5.3 Submodules of semisimple modules are semisimple.

Proof. Suppose S € M is a submodule in a semisimple module. Then,
let A € S € M be a submodule. Then, A is a direct summand of M.
Thus, there is a retraction p : M — A, and restricting p|g, we get another
retraction of § onto 4; A4 is a direct summand, so § is semisimple. O

Remark 5.5.1 The same result as above holds for quotients. That is, given
S C M, we have that M/S is semisimple.

Proof. LetS € M. WegetM ~ S S’ Yet, M/S ~ §',sowearedone. [

21: This result is, in some sense, the Exercise 5.5.1 For a ring R € Ring, the following are equivalent:?!

homologist’s dream.
(i) The ring R is left semisimple.

)
(ii) For all modules M € LModg, M is semisimple.
(iii) For all modules M € LModg, M is injective.
(iv) Every short exact sequence in LModg splits.
(v) For all modules M € LModg, M is projective.

Recall that a module is noetherian if it satisfies the acc. But why restrict
ourselves to ascending chains?

Definition 5.5.1 (Artinian) A module M € LModg is called artinian if it
satisfies the descending chain condition for modules (Dcc).

Lemma 5.5.4 If R is left semisimple, then it is both noetherian and artinian.

Theorem 5.5.5 (Wedderburn-Artin) A ring R € Ring is left semisimple if
and only if R is a direct product of matricial rings over division rings Ay:

R[] Ma, (Aa).

aed
This decomposition, in turn, is true if and only if
R >~ My, (A1) X My, (A2) X -+ X My, (Ap),
22: That is, we can reduce the where Ay is a division ring forall 1 < k < m.??

decomposition statement to a finite one
without losing anything.

Corollary 5.5.6 A ring R is left semisimple if and only if it is right semisimple.

Idea of Proof. Use R°P:

m
R ~ [T Ma, (A).

i=1

Then, RP is left semisimple, so R is right semisimple. O
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